Class XII Chapter 4 - Determinants

Evaluate the determinants in Exercises 1 and 2.

2 4
=5 =1
Answer
2 4
-5 -1

=2(-1)-4(-5)=-2+20=18

Evaluate the determinants in Exercises 1 and 2.

(1)

Answer

(1)

(i)

cos

sin?

cosf?  —sind

sinf?  cosf

—x+l o x-=1

x+1 x+1

—s5in & o —x+l x—1

cosf x+1 x+1

(ii)

= (cos B)(cos 8) — (—sin 6)(sin B) = cos? 6+ sin° 6 =1

=X -x+1(x+1)-(x—-1(x+1)

=X -xX+x+x-x+1-(x*-1)

=x+1-x*+1

=x>-x*+2

1
A:L
If

Answer

{I ]
A=

. - 4 2
The given matrix is .

2

2] , then show that|2A| - 4|A|

(]

Maths



e

2 4
S LHS.= 2.;1|:‘B 4‘=2x4—4x8=8—32=—24

1 2
Now, |_4|=‘ =1x2-2x4=2-8=-6

4 2
. RHS.=4[4|=4x(-6)=-24
S LHS.=RH.S.
Question 4:

10 1
A=l0 1 2

If 00 4 , then show that|3A‘ - 2?|A"
Answer

101
A=l0 1 2
The given matrix is 00 4
It can be observed that in the first column, two entries are zero. Thus, we expand along

the first column (C,) for easier calculation.

1 2 1 1
|A]=1 —{}ﬂ +0':' =1(4-0)-0+0=4
0 4 04 1 2
~.27|A[=27(4)=108 (1)
10 1] [3 0 3
Now, 3A=3/0 1 2|=|0 3 6
00 4| |0 0 12
3 3
pal=3P 80’ 2|0 3
0 12 0 12 3 6
=3(36-0)=3(36)=108 ..(ii)

From equations (i) and (ii), we have:

34|=274|



Hence, the given result is proved.

Question 5:

Evaluate the determinants

3 -1 -2 3 4 5
o o0 -1 1 1 =2
3 =5 0 (iif) 2 3 |

(i
o 1 2 2 -1 -2
-1 0 =3 o 2 -1
(ii) -2 3 0 (iv) 3 =5 0
Answer
3 -1 -2
A=0 0 =1
(i) Let 3 -5 0],

It can be observed that in the second row, two entries are zero. Thus, we expand along

the second row for easier calculation.

-1 -2 3 =2 3 -1
Al=-0 +0 —|-1 =(-15+3)=-12
4 -5 0 3{)‘[}3—5‘{ )
3 4 5
A=1 1 =2
(ii) Let 2 3
By expanding along the first row, we have:
— -2
|A=,I 2+41 “+5| !

3 1 2 1 23
=3(1+6)+4(1+4)+5(3-2)
=3{?]+4[5}+5{I}
=21+20+5=46



(i) Let =2 3 0]

By expanding along the first row, we have:
-1 0
-2 3

42

A=0 2 -1}

(iv) Let 30

By expanding along the first column, we have:
2 - -1 =2
-5 0 -5 0
=2(0-5)-0+3(1+4)
=-10+15=5

|A|:2‘ -0

Question 6:

i
|

L= I
[al

=

By expanding along the first row, we have:



VI s I Y
4 9 5 9 7|5 4

=l[—9+12]—I{—13+I5]—2[E—5}
=l(3}—1{—3}—2[3}

=3+3-6

=6-6

=0

Question 7:

Find values of x, if

2 4 |2x 4 |2 3‘_:( 3‘
(i)ZI 61(")45 2x 5
Answer

2 4‘_2:( 4
(i)S 1 6 x

= 2ux]l-5xd=2xxx—6Hxd
=2-20=2x"-24
=2x'=6
=x =3
::~x:i-."r?_:
2 3
S

X 3‘
(i) 2x 5
= 2x5-3xd=xx5-3Ix2x
= 10-12=5x—-06x
= -2=-x

= x=2

Question 8:
x 2 |6 2
18 x| |I§ 6

If , then x is equal to



(A) 6 (B) £6 (C) -6 (D) O
Answer

Answer: B
x 2 6 2
18 x| [18 6

=1 -36=36-36

=y —-36=0
= ' =36
= x =46

Hence, the correct answer is B.



Exercise 4.2

Question 1:

Using the property of determinants and without expanding, prove that:

X a x+a
y+bi=0
F ¢ I+
Answer
X a X+a |x [} x| |x il il
v b v+bl =y b ¥+ |y h bl=0+0=0
z c z+c| |z [ z| |z C c

[HEre._ the two columns of the determinants are idE’nli{:ﬂ]]

Question 2:

Using the property of determinants and without expanding, prove that:
a-b b-c c-a
b—c c—-a a-b=0
c—a a—-b b-c
Answer

a—-b b-c c—a
A=lb—¢c c¢—a a-b
c—a a-b b-c

Applying R, = R, +R,, we have:
a—c b—a c—h
A=lh—c c—a a—>b

-{a-r:] —{h—a] -{c-b}

a—-¢ b—-a e¢-b

=—|h—-¢ c—a a-bh

a—¢ b-a c-b
Here, the two rows R; and Rs are identical.
SA = 0.



Question 3:
Using the property of determinants and without expanding, prove that:

2 7 65

3 8 T5|=0
3 9 280
Answer

2 7 65 |2 7 63+2

3 8 73 =3 8 72+3
5 9 BH (5 9 8l+5
2 7 63 |2 7 2
=3 8 72/ +|3 8 3
5 9 81 |5 9 5
2 7 9(7)
=3 8 9(8)/+0 [Two columns are identical |
5 9 9(9)
2 7 7
=93 8 8
3 9 9
=0 [Two columns are identical|

Question 4:
Using the property of determinants and without expanding, prove that:

1 he a{b+c}
I ca  b(c+a)=0
1 ab c'{a+b}



By applying C; — C;3 + C,, we have:

1 he ab+be+ca
A=l ca ab+be+ca
1 abh ab+be+ca

Here, two columns C; and Cs are proportional.
S A =0.

Question 5:

Using the property of determinants and without expanding, prove that:

b+e g+r y+:z a p x
c+a r+p z+x=2h q ¥
a+b p+g x+y C r z
Answer

b+c g+r y+:=
A=lc+a r+p z+x
a+b p+g x+y
b+e g+r y+z| |b+e g4+r y+:z
=lct+a r+p s+x/tleta r+p z+x
a P X b g ¥
= A, +A, (say) (1)
b+c qg+r y+:
Now, A, =lc+a r+p =+x
a p X
Applying R, — R, — R3, we have:
b+c g+r v+z
A =l r z
I P x
Applying R, = R, —R,, we have:
b q v

A =|c F z

a P x



Applying R; <R3 and R, <R3, we have:

a p

x
A, = (—I]3 b q y|=|b q

[ r

b+c g+r y+z

A, =lc+a r+p zZ4x

b i ¥

Applying R; — R; — R3, we have:
[ ¥ Z

A,=lc+ta r+p z+x

b q y

Applying R, = R, — R, we have:

" z
A, =|a P X
h q v

Applying R; <R, and R, <R3, we have:

a p x| la p
A,y =(=1) b g y|=b q
c r zl e r

From (1), (2), and (3), we have:

a P x
A=2lb q v
c r z

Hence, the given result is proved.

Question 6:

By using properties of determinants, show that:

et

-(2)

.(3)



We have,
0 a —b
A=|-a 0 -
b C 0

Applying R, — ¢R, we have:
0 ac ~bc
A=—|-a 0 -

h C 0

Applying R, = R, —bR,, we have:

abh ac 0

A= l —a ] —c
‘ b c 0
b c 0

e W 0 -
b e o0

Question 7:

By using properties of determinants, show that:

-a*  ab ac
ha —b* e |=4da’hc?

"

cd ch —°

Answer



ca ch —c?
—a b C
=ahc|a ~h C [Tuking out factors a, b, ¢ from R, R, and Ri]
a b —C
=1 1 1
=a’h’ct |l -1 1 [Tﬂking out factors a, b, ¢ from C,, C,, and Ci]
| 1 -1

Applying R, — R, + R; and R; — R; + Ry, we have:

-1 1 1
A=a'bh’e’ |0 0 2
0 2 0
0 2
22 2
=a'b et (-1
a’b’c’ ( }‘2 0‘

=—a'b’c’(0-4)=4a’b’c’

Question 8:

By using properties of determinants, show that:

1 a a’
1 b b =(a-b)(b-c)(c—a)
1 ¢ ¢’
(i)
1 1 1
a b c|=(a=b)(b—c)(c—a)(a+b+c)
(i) a’ b’ ¢’
Answer
1 a a’
LetA=|1 b b
| C ¢’



Applying R; - R; — Rzand R, — R, — R3, we have:

0 a-c¢ a —¢
A=|0 b—c b -¢?
| C ¢’
0 -1 —a-c
=(e—a)(b—c)|0 I h+c
1 c ¢t

Applying R; —» R; + R,, we have:

0 0 —a+b
A=(b—c)(e—a) 1 b+c
1 c ¢’
0 0 -1
=((r—b}{b—c}{c—ﬂ}ﬂ 1 h+¢
1 ¢ ¢’

Expanding along C;, we have:

= {a—h){h—c}{c —a)

a=[a—h}(h—¢}(c—“}? b-ll-r,

Hence, the given result is proved.

| ] |
A=la b C

3

a b’ ¢’

(ii) Let .
Applying C; - C; — Czand C, —» C, — C3, we have:



0 0 |
A=lg—c b-c¢c ¢

P e Pap? &

{ 0 1
=lg—c h—c C
{a—c)(a1+ac'+r:1) [b—c)(h3+b¢'+c2) ¢’
] 0 1
:(c'—a}(b—f}-l | c
—[u2+ac+cz) (b3+bc+cz) ¢’
Applying C; — C; + C;, we have:
] l
ﬂ.:[c—a}[b—c}ﬂl 1 c
(bz —a3)+(bc—ac) (b:+bc'+a':) o
0 0 1
=(b—c)(c-a)(a—b)0 1 €
~(at+b+c) (b +be+c?) c’
0 0 1
:(a—b}{:‘:r—c}[c—a){a+h+c)ﬂ 1 c
—1 (ff +be +c3) ¢’

Expanding along C;, we have:
ﬁ=[a—h}(b—c}{c—a}(a+b+c~}{—l}‘? :‘
=(a—f:}(f:—c][c—a}{a +h +c]

Hence, the given result is proved.

Question 9:

By using properties of determinants, show that:



x x° vz

¥ ¥ zx|=(x—y)(y—2)(z - x)(xy+ yz +2x)
z z" Xy
Answer

x x? yz

Let A=y V- zx|.

x X yz
A=ly—x i -x X —yz
z—x X Xy — yz
ad x yz
S S N O A (=)
z—x) (z—x)(z+x) —_V(:—x}
X x* yz
=(x—y)(z—x)[-I —x-y z
1 I+x -y

Applying R; — R3 + R, we have:

x x yz
&=[Jr—y){:—x)—l -x—y z
0 -y -y
x x’ yz
=(x=y)(z-x)(z-y)|-1 —x-y z

0 1 1

Expanding along R;, we have:



e IE) [

X .Iz
+1
-1 —x—y

|

=(x=2)(z=2) (=) (-az = y2)+ (- x4 57|

—{x—y]{z—x]{z—y}{x}i+_}»?+zx}

(x=»)(y=2)(

z—x)(xp+yz+2x)

Hence, the given result is proved.

Question 10:

By using properties of determinants, show that:

x+4 2x

2x r+4 2x

2x )
=(5x+4)(4-x)

0 2x 2x x+4
v+k v ¥
¥ v+k oy =k (3y+k)
a oy vtk
Answer
v+4 2x 2x
A=|2x x+4 2x
(0 2x 2x x+4
Applying R; — R; + Ry + R3, we have:
Sx+4 Sx+4 Sx+4
A=2x x+4 2x
2x 2x x+4
1 1 1
:[5_r+4} 2x x+4 2x
2x 2x x+4

Applying C; — C, — C4, C3 —» C3 — C4, we have:



1 0 0
$={5x+4] 2x -x+4 0
2x 0 -x+4
1 0 0
=(5x+4)(4-x)(4-x)]2x 1 0
2x 0 1

Expanding along C;, we have:
D‘

A=(Sx+4)(4-x) |

1
2x

= (5x+4)(4-x)

Hence, the given result is proved.

v+k oy v
A=y v+k ¥
(ii) v v Vv+k
Applying R; — R; + Ry + R3, we have:
3v+k 3y+k 3y+k
A=y v+k ¥
v y y+k
1 1 1
=[3_}»‘+k}y y+k ¥
v ¥ v+k

Applying C; — C; — C;and C3 — C3 — Cy, we have:

1 0 0
&:{3y+k}}' k 0
¥ 0 k

1 0 0

=k:{3y+ﬁf] ¥ I 0

bt 0 |

Expanding along C5, we have:



) 1
A=k (3y+k)
}J

Hence, the given result is proved.

o
J=k'ﬁy+k}

Question 11:

By using properties of determinants, show that:

a-b-c 2a 2a
2b b-c—a 2b =(a+b+e)
0 2c 2c c—a—nh
x+y+2z x v
z y4+z42x v =2{x+3:+z}"
(i) x Z+x+2y
Answer
a-b—c 2a 2a
A=| 2b b-c—a 2h
0 2e 2c c—a—b
Applying R; — R; + Ry + R3, we have:
a+b+c a+b+c a+b+c
A=2b b—c—a 2b
2c 2c c—a—h
1 1 1
:(a+b+c)2b h-c-a 2h
2e 2e c—a-b

Applying C; — C, — C4, C3 —» C3 — C4, we have:

1 0 0
i\.:[a+b+c] 2b —(a+b+c} 0
2¢ 0 ~(a+b+c)
1 0 0
—(a+b+e) 26 -1 0

e 0 -1



Expanding along C;, we have:

A=(a+b+c) (=1)(=1)=(a+b+c)

i

Hence, the given result is proved.

X+ y+2z x ¥

A=| z y+z+2x ¥

N z x Z+x+2y
(ii !

Applying C; — C; + C, + C5, we have:

2(x+y+2z) x v
A=2(x+y+z) y+z+2 ¥
2(x+,v+z} x z4+x+2y
| X ¥
:2(.t+y+z]l y+z+2x ¥
| X z+x+2y

Applying R, — R, — Ry and R; — R3 — Ry, we have:

1 x ¥
3:2[x+y+z){] X+y+z 0
0 0 X+ y+z
| X bt
=2(x+y+2)'|0 | 0

0 0 |
Expanding along R;, we have:
A=2(x+y+z) ()(1-0)=2(x+y+z)

Hence, the given result is proved.

Question 12:

By using properties of determinants, show that:

| X X
X I X |= {l—x;}?

X x 1



] X X
A=|x* ] X
X ¥ |

Applying R; —» R; + R, + R3, we have:

l+x+x T+x4x° T+ x+x°
A=|x’ ] X
x X’ ]
1 1 1
=(1+X+IEJ.TE 1 X
¥
X x° 1

Applying C; — C; — C;and C3 — C3 — Cy, we have:

1 0 0
i\.:[l+,~:+x’]x3 1—x° x-x
X Xt —x l—x
1 0 0
=(l+x+7)(1-x)(1-x)|x*  1+x x
x —X |
1 0 0
=(1-x")(1-x)[x" I+x x
X —x |

Expanding along R;, we have:

-
-
-

Hence, the given result is proved.



Question 13:

By using properties of determinants, show that:

l+a’ —b° 2ab 25
2ab  1-a’+b*  2a :(]+|:1'2+h:)3
2b -2a 1—a -4
Answer
1+a” - b 2ab -2b
A= 2ab 1-a’+b° 2a
2b -2a l—a’—b°

Applying Ry — R; + bRs;and R, — R, — aRs, we have:

l+a*+b 0 ~b(1+da* +b)
A=0 1+a® +b a(]+a3+hl)
2h 2a 1-a’ -4
1 0 —h

5 412
=(1+a'+b‘) 0 1 a
2h =2a l—a® b

Expanding along R;, we have:

A=(1+a*+ e‘F)2 [{1}

3

=(1+a*+*) [1-a* —b* +2a° - b(-2b)|

o

5

I
2a l-a'-¥

0 1
-b
2b —2a

(1+a +8°) (1+d* +0°)

=(1+a’ +h:)'

Question 14:

By using properties of determinants, show that:



a +1 ab ac

v e s
ab b +1 bhe =l+a’ +bh +¢°
cd ch e +1

Answer

a +1 ab ac
A= |ab b +1 he

ca ch ¢’ +1

Taking out common factors a, b, and ¢ from R;, Ry, and Rj respectively, we have:

a+l b ¢
a
A =abela b+l ¢
b
|
a b c+—
c

Applying R, — R, — Ry and R; — R3 — Ry, we have:

.:J'+l b ¢
[
1 1
A=abc|-— — 0
a b
1 |
—— 0 -
o [

Applying C; — aC,, C; — bC;, and C; — ¢Cs, we have:

a +1 b ¢
ﬂ.=abch -1 1 0
abc 1 0 |
a+1 b ¢
=|-1 |
-1 0 |

Expanding along R;, we have:



+1
0

a’ +1
-1

bﬁ

=—1(=c*)+(a’ +1+b% ) =1+a" +b" +¢’

Hence, the given result is proved.

Question 15:

Choose the correct answer.

Let A be a square matrix of order 3 x 3, then |JH| is equal to

a KlAlg ©

Answer

Answer: C

A is a square matrix of order 3 x 3.

o

Letd=|a,

dy

Then, kA =| ka,
ka,

ke,
| kA| = ke,

ke,

=k*|4|
kA=A

Hence, the correct answer is C.

Question 16:

Which of the following is correct?

kh

1

kb,

Al Kl4| ) 3k|4

{']’aking out common factors & from each rc-w)



A. Determinant is a square matrix.

B. Determinant is a number associated to a matrix.

C. Determinant is a number associated to a square matrix.
D. None of these

Answer

Answer: C

A =|aij
[f”] of order n. We can associate a number

u]‘}l - {j‘_ j_}:h

Thus, the determinant is a number associated to a square matrix.

We know that to every square matrix,

called the determinant of square matrix A, where element of A.

Hence, the correct answer is C.



Find area of the triangle with vertices at the point given in each of the following:

(i) (1, 0), (6, 0), (4, 3) (i) (2, 7), (1, 1), (10, 8)

(iii) (=2, =3), (3, 2), (-1, -8)

Answer

(i) The area of the triangle with vertices (1, 0), (6, 0), (4, 3) is given by the relation,
0 1

0 1
31

1
a=Lg
2
4

=l:l[[}—3}—f}(ﬁ—4}+1{13—(]]]

=—[ 34 ]=E square units

(ii) The area of the triangle with vertices (2, 7), (1, 1), (10, 8) is given by the relation,

2 71
a"\—% 1 11
10 8 1

=f}[z(1 8)-7(1-10)+1(8-10)]
=_[z )-7(-9)+1(-2)]
E[—|4++53—2] 5[—“5—:33]

47 .
=5 square units

(iii) The area of the triangle with vertices (-2, -3), (3, 2), (-1, —8)

is given by the relation,



=%[—2(2+3]+3(3+1}+ 1(-24+2)]

:%[—2{1u]+3{4}+ 1(-22) ]

=l[—2[}+12—22]
2

=0 s

2

Hence, the area of the triangle is -l 5' =15 square units .

Question 2:

Show that points
Aa,b+e).B(bc+a),Cle.a+h

}are collinear
Answer
Area of AABC is given by the relation,
a b+c 1
b oc+a 1
¢ a+b 1
a b+e 1
=—lb—a a-b 0 (ApplyingR, >R, -R, andR, »R,-R,)
0

Cc—d d—-c

| a bh+e 1
=;[a—b][c—n]—l 10
- 1 =1 0

a b+ec 1
=%[a—b]{c—a] -1 1 0] (ApplyingR, = R, +R,)
B 0 0 0
=1 (All elements of R, are 0)

Thus, the area of the triangle formed by points A, B, and C is zero.



Hence, the points A, B, and C are collinear.

Find values of k if area of triangle is 4 square units and vertices are

(i) (k, 0), (4, 0), (0, 2) (ii) (=2, 0), (O, 4), (O, k)

Answer

We know that the area of a triangle whose vertices are (x1, y1), (X2, ¥»), and

(x3, y3) is the absolute value of the determinant (A), where

(i) The area of the triangle with vertices (k, 0), (4, 0), (0, 2) is given by the relation,

]k 01
—4 0 1
2

0 21

A=
o2 ofe-0pr6-o]

=%[—2§c+8] =—k+4

amk+4=%4

When -k + 4 = -4, k= 8.
When =k + 4 = 4, k = 0.
Hence, k = 0, 8.



(ii) The area of the triangle with vertices (-2, 0), (0, 4), (0, k) is given by the relation,

-2 0 1
o 4
Ao [0 K
1r
=—[-2(4-k)]
k-4
k—4==4

Whenk -4 =-4,k=0.
When kK — 4 =4, k = 8.
Hence, k = 0, 8.

(i) Find equation of line joining (1, 2) and (3, 6) using determinants

(ii) Find equation of line joining (3, 1) and (9, 3) using determinants

Answer

(i) Let P (x, y) be any point on the line joining points A (1, 2) and B (3, 6). Then, the

points A, B, and P are collinear. Therefore, the area of triangle ABP will be zero.

1 21
l3 6 1j=0
2
x oy 1

1
igﬁw—ﬂ—ﬂyquh—mﬂ 0
= b0-y—-6+2x+3y—6x=0
= 2y—4x=0
= y=12&
Hence, the equation of the line joining the given points is y = 2x.
(ii) Let P (x, y) be any point on the line joining points A (3, 1) and



B (9, 3). Then, the points A, B, and P are collinear. Therefore, the area of triangle ABP
will be zero.

311

@ 3 1|=0

xr oy |

.
2

:=]E|:3{3—}’}—|{9—x}+I{‘.;‘}»'—?rx}:l =0

= 9-3y-9+x+9y-3x=0
= by—2x=10
= x-3y=0

Hence, the equation of the line joining the given points is x — 3y = 0.

If area of triangle is 35 square units with vertices (2, —6), (5, 4), and (k, 4). Then k is
A.12B.-2C.-12,-2D. 12, -2

Answer

Answer: D

The area of the triangle with vertices (2, —6), (5, 4), and (k, 4) is given by the relation,
2 -6 1

35 4 1

ko401
=l’2(4_4}+ﬁ(5_k]+1{2n_4k]:

A=t
2

= 1130~ 6k +20 - 4]
2

= L50-104]
2

=25-5k&
It is given that the area of the triangle is £35.
Therefore, we have:
= 255k =435
= 5{5 —k) =+35
=5-k=+%7



When5 - k=-7,k=5+7=12.
When5 - k=7,k=5-7=-2.
Hence, k = 12, —2.

The correct answer is D.



Write Minors and Cofactors of the elements of following determinants:

2 -4 a ¢
(i) 0 3 (ii) b d
Answer

b
|
=

(i) The given determinant is 0

Minor of element a; is My;

~M1; = minor of element a;; = 3

Mi, = minor of element a;, = 0
M,; = minor of element a,; = —4
M., = minor of element a,; = 2

Cofactor of a; is A; = (—=1)' 7/ M;;.

A= (D) M;; = (-1)°(3) =3

Az = (-1)"? M, = (-1)>(0) = 0

Ay = (m1)**' My = (-1)° (-4) = 4

Ay = (—1)*? My = (-1)* (2) = 2
a c

(ii) The given determinant is d .

Minor of element aj;; is M.



~My; = minor of element a;; = d

M1,
M21
M,>, = minor of element a,, = a

Cofactor of a; is Ay = (=1)' 7/ Mj;

minor of element a1 = b

minor of element a,; = ¢

WA = (m1)PI My = (-1)° (d) =d

Az = (-1)'*? My, = (-1)° (b) = -b
Asp = (1) My = (-1)° (¢) = —c
Ay = (1) Mp = (-1)* (@) = a

10 0 1 0 4
0 1 0 3 5 -l
(I){Jﬂl(”){} 2
Answer
1 00
0 1 0
0

(i) The given determinant is 01 .

By the definition of minors and cofactors, we have:
1 0
1

=1
Mi; = minor of a;1=

0 0
]

M1, = minor of a;,=



! 0
Mi3 = minor of a;3 = 00
0 0
| =0
M>; = minor of ay; =
{ |
M>, = minor of a,; = 0 1
0 0
M,3 = minor of a,3 = 00
0 0 0
Ms; = minor of as;= 1o
0 1]
M3, = minor of as; = 00
0 |
Ms3 = minor of as3 = 01
A;; = cofactor of a;;= (-1)'** My; = 1
A;, = cofactor of a1, = (=1)1*2 M, = 0
A3 = cofactor of a;3= (—-1)'*"*M;3=0
A,; = cofactor of @y = (=1)**1 My; = 0
A, = cofactor of @, = (=1)**?* My, = 1
A,3 = cofactor of @3 = (=1)*"* M5 =0
As; = cofactor of az; = (—=1)*** M3; = 0
As, = cofactor of as, = (=1)**2 M3, = 0
As; = cofactor of @s3 = (—=1)*** M3; = 1
1 0 4
3 5 -l
2

(ii) The given determinant is

By definition of minors and cofactors, we have:

=10+1=11
Mi; = minor of a;1=



My =

M21

M22

M23

<
pet
|

<
Q
N

|

A=

Az =

= minor of a3

= minor of ass

= cofactor of a;;= (=1)**! My; = 11

=6-0=06
. 2
minor of a;>=

minor of a,; =
4
=2-0=2
. 0 2
minor of a,, =
1 0
=1-0=1
. 0 1
minor of a3 =
(]
‘={)—2{]=—2ﬂ
. 5 =1
= minor of az;=
1
‘——I—I2=—13
. 3 =1
= minor of as; =
1
=5-0=5
3 5

cofactor of ai» = (=1)*? My, = —6
= cofactor of a3 = (—=1)'** M5 = 3
= cofactor of a,; = (=1)**'1 My, = 4
= cofactor of @, = (—=1)?*? My, = 2
= cofactor of @a,3 = (—=1)*** My; = -1
cofactor of as; = (—1)*** M3; = —20

cofactor of as, = (—1)°*2 M5, = 13

= cofactor of az3= (—=1)**3 M35 =5



5 3 8
A=12 0 1
. 1 2 3
Using Cofactors of elements of second row, evaluate .
Answer
5 3 8
2 01
The given determinant is 2
We have:
3 8
=9-16=-7
23
My =

~A,; = cofactor of @a; = (=1)**' My, = 7

5 8
| 1}‘=]5—E=?
My, = )

~A,5 = cofactor of @y, = (=1)**?2 My, = 7

2

=10-3=7

Mps =

~A,3 = cofactor of @, = (—1)**3 My3 = =7

We know that A is equal to the sum of the product of the elements of the second row

with their corresponding cofactors.



~A = a21A21 + azzAzz + az3A23 = 2(7) + 0(7) + 1(—7) =14 -7=7

1 x =

Using Cofactors of elements of third column, evaluate

Answer

i . l
The given determinant is

We have:

1 v

{ =z—y
Mis = -

1 x

| |=z-x
Mps = -

1 x

| ) =y=X
M3z = )

~A;3 = cofactor of a;3 = (—1)1*3 M3 = (z — y)

—(z—-Xx)=x-2)
(y = x)
We know that A is equal to the sum of the product of the elements of the second row

A,3 = cofactor of @3 = (—1)%*3 My

As; = cofactor of as3 = (—=1)3*3 Mj5

with their corresponding cofactors.



SA=ap Ay tagAy tagAg
=yz(z-y)+zx(x—z)+xp(y-x)
= _]"22 —_1»‘23 +_r2: —122 + .7(}"2 _.rz_]-"
= (xlz —yzz]+(}:3 -xz* ] +(x - x:y]

:z(x: -y ]+:: {y—x}+xy{y—x]
=z(x—y)(x+y)+z (y-x)+xv(y—x)

Question 5:
For the matrices A and B, verify that (AB)’ = B'A" where

1
A=|—4|, B=[-1 2 1]

@ L7
0
A=|1], B= [l 3 ?]
(ii)
Answer

(i)



1] -1 2 1
AB=|-4|[-1 2 = 4 -8 -4
3] -3 6 3
-1 4 =3
(AB)=| 2 -8 6
1 4 3
-1
Now, A" =1 -4 3].B'=| 2
|
-1 -1 4 3
BA=| 2|1 -4 3]=| 2 -8
I 1 4 3

Hence, we have verified that {AB]’ =B'A.
(i)



AB=|1]1 5 7)=|1 5
2 2 10
0 1 2
4By =[o 5 10
0 14

Now, A" =[0 1 2.8 =5

;
! 01
SBA=[5]0 1 2]=lo s
7 0o 7

Hence. we have verified that (AB) = B'A'.



Exercise 4.5

Question 1:

Find adjoint of each of the matrices.

I

Answer

| 2
Let A = .

We have,
Ay =4 A, =-3, 4, =-2, 4, =1

4, [4 -2
. adjd = 5l =
"411 ‘422 -3 I

Question 2:

Find adjoint of each of the matrices.
1 -1 2
2 3 5
-2 0 1

Answer
1 -1
Letd=|2 3
-2 0
We have,

= b



0
1 2
A, = =1+4=35
- -2 1
| . 0-2)=2
Ay __2 __( - }_
-1 2
‘43|:|3 5‘:-5- ==11
| 2
4, = _‘2 5 =_{5_4}=_I
| -1
Ay = =3+2=35
2 3
4, A, 4
Hence, adjid =| 4, 4, 4, |=
Ay Ay, Ay
Question 3:

Verify A (adj A) = (adj A) A = |A|I.

-

Answer



o[3 ]

we have,
A =—12—{—12]=—12+12={)

iy SH

Now,
A, =-6,4,=4 4, =-3 4, =2
-6 -3
an=y ]
4 2
Now,
2 _
R
: 4 6| 4 2
[-12+12 -6+6 | [0 0
| 24-24 12-12| |0 0
-6 3 2 3
Also. (adjid) A =
o @ina- s 5 )
[-12+12 ~18+187 [0
] 8-8% 12-12 | |0

Hence, A(adjd)=(adjd) A=|A|1.

Question 4:

Verify A (adj A) = (adj A) A = |A|I.
-1 2
3 0 -2
0 3

Answer



I -1 2
4=|3 0 -2
I 0 3
|4 =1(0-0)+1(9+2)+2(0-0) =11
| 0 o] 11 0 0
slalr=11]0 I 0|=[0 1m0
0 0 1] [0 0 1
Mow,
G =0.4,=-(9+42)=-11,4,=0
w=—(-3-0)=3,4,,=3-2=1,4, =—(0+1)=-1
2-0=2.4,=—(-2-6)=8.4,, =0+3=3

S N
Il I

£l



soadid=| =11 1
0 -1
Now,
1 -1 210 3 2|
Aladid)=|3 =2 -11 1 8
1 0 3|0 -1 3]
[0+1140 3-1-2 2-8+6
= 0+0+0 9+0+2 6+0-6
10+0+0 3+0-3 2+0+9]
1 0 0
=0 11 0
0 0 11
Also,
0 3 211 -1 2
{adJ'r'A} A=|-11 1 Ril3 0 =2
0 -1 31 0 3
0+9+2 0+0+0 0-6+06
=|—-11+3+8 1H+0+0 -22-2+24
0-3+3 0+0+0 0+24+9
11 0 0
=|0 11 0
0 0 11

Hence, A(adjd) =(adj4) A=|A|1.

Question 6:

Find the inverse of each of the matrices (if it exists).

BN

Answer



-1 5
Let A = .

we have,
Al=-2+15=13
Now,
Ay =2, 4, =34y =5, 4, =-1
y) .
coadid = >
’ 3 -1
2 -5
AT = Laqﬂr‘d = 1
A 13]3 -1

Question 7:

Find the inverse of each of the matrices (if it exists).

1 2 3
0 2
0 0 5
Answer
| 2 3
LetA=|0 2
0 0 5
We have,
4| =1{(10-0)-2(0-0)+3(0-0)=10
Now,

A4,=10-0=10,4,=-(0-0)=0,4,=0-0=0
Ay =—(10-0)=-10.4,, =5-0=5.4,, =—(0-0)=0
4, =8-6=2.4, =_{4—0)=—4~A‘33 =2-0=2



10 =10 2

sadid=|0 5 -4
0 0o 2
0 -1 2
a4 =L agu="10 5 -4
A 10} 0 A

Question 8:

Find the inverse of each of the matrices (if it exists).

1 0 0
3 3 0
5 2 -1
Answer
I 0 0
Letd=|3 3 0
5 2 -1
We have,
A =1(-3-0)-0+0=-3
Now,
A, =-3-0=-3,4,=—(-3-0)=3,4,=6-15=-9
Ay =—(0-0)=0,4,, =—1-0=-1,4,, =—(2-0)=-2
A, =0-0=0,4,=-(0-0)=0,4,=3-0=3
-3 0 0
cadid=| 3 -1 0
-9 -2 3
-3 0 0
'.A'l=lade:—13 -1 0
A 3_9 a3

Question 9:

Find the inverse of each of the matrices (if it exists).



4 -1 0
-7 2 1
Answer
2 1 3]
Let4=|4 -1
-7 2 1]
We have,

A|=2(-1-0)-1(4-0)+3(8-7)

=2(-1)-1(4)+3(1)

=-—2-4+3

-1 5 3
Soadid=| =4 23 12
1 -11 —6
-1 5 3
LA = 1 adid =——| -4 23 12
|A| 1 -11 -6
Question 10:

Find the inverse of each of the matrices (if it exists).

1 -1 2
0 2 -3
3 -2 4



1 -1 2
Let4=|0 2 -3

3 -2 o
By expanding along C,, we have:
|A’|:1{8—6}—{}+3{3—4)=2—3=—]
Now,
A4,=8-6=2,4,=-(049)=-9,4,=0-6=-6
A, = —[—4+4]: 0,4,=4-6=-2,4,, = —{—2+3} =—|
Ay, =3-4=-1.4,=—(-3-0)=3,4,=2-0=2

2 0 -1
soadid=| -9 -2 i
—b -1 2
2 0 -1 =2 0
Al = adjid=-| -9 -2 3 =9 2
-6 -1 6 |
Question 11:

Find the inverse of each of the matrices (if it exists).

1 0 0
0 cosa  sina
0 sing  —cosa

Answer



1 0 0

letd=|0 cosa  sing
0 sing  —cosa
We have.
|4 = 1(—-::4:}53 a —sin’ a’] = —(-:u:ns3 a+sin’ o )=-1
Now,
A, =-cos’a-sina=-1,4,=0.4,=0

A4, =04, =—cosa. 4,, =—sina
Ay, = 0,4, =—sina, A, = cosa

-1 0 0
coadid =] 0 —COS €r —8in o
0 —5ing COS ¥
-1 0 0 1 0 0
g ! cadid=—-| 0 —cosa —sing |=|0 cosa Sina
0 —s5ina Cos o 0 sing  —cosa
Question 12:

. ;
=1, : Bz[ﬁ ﬂ AB)' =B'4"
Let L 5 and 7 . Verify that (48) =

Answer

Letd=

We have,

A =15-14=1
Now,

Ay =54, =-2,4y =T, 4, =3

- adjd = 57
' -2 3

| 5 =7
noA = —.adid =
A -2 3






S

18+49 24463
={12+35 lﬁ+45}
[e1 87
_{41 ﬁl}

Therefore,we have AB| =67x61-87=47 =4087 - 4089 =-2,
Also,

) 61 87
ﬂq’['m}:{—w 6?}

(4B = ajf(AB]:——l[m '31

\AB 2147 67
_s1 %7
|2 2 ,
v & -(2)
2 2

From (1) and (2), we have:
(AB)™! = B7iA7?

Hence, the given result is proved.

Question 13:

S
A= .
If -1 2 , show that 4" =54+ 71 =0 Hence find 4.



AT =54+71
8 5 3 I
|- 3}5{—1 2]
8 51 |15 5
s 3}{—5 m}
='—7 0 ]J{? n]{n n}
0 =7/ |0 71 |0 0
Hence, 4° -54+71=0.

L AA-54=-T1
= A A(A)-5447 =714 [ Post-multiplying by 4~ as [4|=0]

=N A(AA"]—SI =—74"
= Al=5]=-T4"

:”1-1:—%(,4-5;)

]
A =—(51 -4
=A™= (51 -4)
BRIk 0 3 a2 -1
710 s =1 2 711 3
C o 12

711 3
Question 14:

3 2
A= |
For the matrix ! , find the numbers a and b such that A2 + aA + bI = O.

Answer



. 13 2103 2 9+2
ST = =
| 11 | 3+1
Now,

A rad+bl =0
= (AA) A" +adA" +bIA =0

:A{AA ) +al+b(14 '):f:}
= Al +al +bA"' =0

= A+al =—-bA"
= A" :—]E[x:i+af}

Now,

Lo I R -2 1

A = aﬂf;,fi: =
|A| I~ 3] [~

We have:

I

6+2] [l 8
241 |4 3

[Fnsl-mulliplying by 47" as |4]= 0]

-3-a

01} 1|3+a 2 b
all b1 l+a| 1

b

Comparing the corresponding elements of the two matrices, we have:

LA
b

B L 3 gl a-4

Hence, —4 and 1 are the required values of a and b respectively.

~1—a

b




Question 15:

A=|1 2 -3
For the matrix - 3 Jshow that A* — 6A% + 54 + 11 1 = O. Hence, find
A—l.
Answer
1 1 1
A=|1 2 -3
2 -1 3
1 1 1 ][1 1 1
A =1 2 3|1 2 -3
2 -1 32 -1 3
1+1+2 1+2-1 1-3+3 4 2 1
=[1+2-6 1+4+3 1-6-9 |=|-3 8 14
2-1+6 2-2-3 2+3+9 7 -3 14
4 2 1 I I 1
A =4 A4=|-3 8 ~14 |1 2 -3
7 -3 14 |2 -1 3
(4+2+2 4+4-1 4-6+3
=|—3+8-28  —3+416+14 -3-24-42
7-3+28 T-6-14 T+9+42

8 7 1
=-23 27 —69
32 13 58



A —6AT+5A+

8 7 1 4 2 1 1 1 1 0 0
=[-23 27 —69|-6|-3 8 -14 |+5/|1 2 -3|+11{0 1 0
32 -13 58 | 7 -3 14 -1 3 0 0 1
[ 8 7 1 ] [24 12 6 | [3 5 5 11 0 ]
=[-23 27 -69|-|-18 48  -84|+|5 10 ~15(+|0 11 0
32 -13 58 | (42 -18 84 | |10 -5 15 0 0 1
[ 24 12 61 24 12 6
=[-18 48 -84 |-|-18 48 -84
42 -18 84 | [42  -18 84
0 0 0
=|0 0 0|=0
0 0 0
Thus, 4* —=64" +54+111 =0.
MNow,

A —pA* +54+11T =0

= (AAA) A" —6(AA) A +5447 +1114" =0
= AA( A4 )=64(AA")+5( 44 )==11(14)
= A" =6A+51=-114"

=4 '=—%(AI-6A+5.’) (1)

[Pnst-muhiplyiug by A as || # D]



A —6A+5]
4 2
=-3 8
7 -3
4 2
=|-3 8
7 -3
9 2
=[-3 13
7 -3
3 —4
=9 1
-5 3

3

A =—L -9

1 _

-5

Question 16:
2
A=|-]
If :

Answer

1 1 1 1 1 0 0
~14 |-6[1 2 -3[+5/0 1 0
14 | |2 -1 3010 0 1
1] (6 6 6 | 0 0
~14 -6 12 18|+ 5 0
14|12 -6 18] [0 0 5
1] 6 f 6 |
~14|-|6 12 I8
19 |12 -6 18 |
-5
4
1
4 -5 3 4 5
] 4 =19 -1 -4
3 1 1 5 -3 -l
-1 1
2 -1

2 verify that A*> — 642 + 9A — 4I = O and hence find A™*



2 -1
-1 2
-1 1
2 -1
-1 2
n
—1=
-5 5
6 -5
-5 6
6 -5
-5 6
5 -5
[12+5+5
~10-6-5
[ 10+5+6
22 21
-21 22
21 =21

-1 1
-1 2 -1
-1 2
2+1+2
—1=2-2
-2 1+1+4
3 2 -1 1
=51 -1 2 -1
6 | -1 p
—6-10-35 6+35+10
S+12+5 -5-6-10
—5-10-6 5+5+12
21
=21
22



Now,
A -4 +94-4]

22 21 21
=|=21 22 =21
21 21 22
22 =21 2]
=[-21 22 =21
21 =21 22
40 30 30

=[-30 40
30 -30 40

30 |-

LA -6 +94-4] =0

Mow,

A =647 +94-41 =0
= (AAA) A =6(AA) A" +944" 414 = O

-5 5] 2
O =51+9| =1
=5 f 1
=30 301 [18
36 30|+ -9
=30 36| |9
=30 3071 [0
40  -30|=|0
=30 40| [0

= AA(AA ‘]—(:A(AA‘ ’)+9(AA ‘):4(&4 ’)
= A4l 641 +9] =44

= A" —64+9] =44"

=4 =%(AI—6A+'?H)

A =6A+91
6 -5
=|-5 6
I -5
6 -5
=|-5 6
5 -5
3 1
=1 3
-1 1

From equation (1), we have:

(1)
-1 I 0
2 =1[+9|0
-1 2 0
—6 i 9
12 -6|+[0
-6 12 0

9 1 0 0
9110 4 0
18 ] 0 4
0
0
0

[]"Gﬂl—multiplying by A as | 4| #G]



A =1 3 1
4
-1 1 3
Question 17:
Let A be a nonsingular square matrix of order 3 x 3. Then a@;{'is equal to
A. 4 B. A¢ C. AFD. 34
Answer B
We know that,
4| 0
(adjd) 4=4/1=|0 4 0
0 0 A
40 0
= (adjd) 4 =0 40
0 0 A
1 0 ]
= ladjd||4)=4" |0 | 0| =|4[ (1)
0 0 1

~|adjd) = | A

Hence, the correct answer is B.

Question 18:
If A is an invertible matrix of order 2, then det (A™!) is equal to

1
det(A)

A. det (A) B.

Answer

C.1D.0

) ]
A existsand 47 = Imij.r'.ﬁi,

Since A is an invertible matrix, | |



o

As matrix A is of order 2, let A = {a

Then, |4 =ad — bc andmgm{ ¢

—
Now,
d —h
A A
A" = : adjd = 4
£l < a
4 |4
d =
B —c al |4 |-
A 1
1
cdet(A)=
()= ()

Hence, the correct answer is B.




Examine the consistency of the system of equations.

X+ 2y=2

2x+ 3y =3

Answer

The given system of equations is:

X+ 2y =2

2x+ 3y =3

The given system of equations can be written in the form of AX = B, where

o ]

~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.

2x —y =5

X+y=4

Answer

The given system of equations is:

2x—y =5

X+y=4

The given system of equations can be written in the form of AX = B, where



~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.
x+3y=5

2x + 6y =8

Answer

The given system of equations is:

x+3y=5

2x + 6y =8

The given system of equations can be written in the form of AX = B, where
1 3 x 5

A= X = and B =
2 i} ¥ 8

Mow,

A=16)-3(2)=6-6=0

~ A'is a singular matrix.



Now,

s 7

on{t T

Thus, the solution of the given system of equations does not exist. Hence, the system of

I

equations is inconsistent.

Examine the consistency of the system of equations.
X+y+z=1

2Xx+ 3y +2z=2

ax+ay + 2az=4

Answer

The given system of equations is:

X+y+z=1

2Xx+ 3y +2z=2

ax +ay +2az=4

This system of equations can be written in the form AX = B, where
l | x |

3 2 LX=|ly|landB=|2]|.

a 2a =z 4

[a—y

3]

A=

]

Now,
A =1(6a-2a)-1(4a-2a)+1(2a-3a)

=da-2a-a=4da-3a=a#0

~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.



Examine the consistency of the system of equations.

3Xx—-y—-2z=2

2y —z=-1
3x -5y =3
Answer

The given system of equations is:

3Xx—-y—-2z=2

2y —z=-1

3x -5y =3

This system of equations can be written in the form of AX = B, where
3 -1 -2 X 2

A=]0 2 1|, X=|yland B=|-1]|.
3 =3 0 z 3

MNow,

‘,;|=3(g_5}_{}+3{[+4]:—15+15=l}

~ A'is a singular matrix.

MNow,
-5 10 53
(adid)=| -3 6 3
-6 12 6
5 10 s 2 10-10+15] 5
.'.{.:rd;'.-!)3= -3 4] 3||-1|=|-6-06+9 =|=3|=0
—0 12 o 3 —]2—]2+]3_. -

Thus, the solution of the given system of equations does not exist. Hence, the system of

equations is inconsistent.



Examine the consistency of the system of equations.
5x -y +4z=5

2

-1

2x + 3y + 5z

5x — 2y + 6z

Answer

The given system of equations is:
5x -y +4z=5

2x+ 3y +5z=2

5x =2y + 6z = -1

This system of equations can be written in the form of AX = B, where

5 -1 4 x 5
A=|2 i SLA=|yv|andB=| 2|

5 -2 6 z -1
Now,

A =5(18410)+1(12-25)+ 4(-4-15)
=5(28)+1(~13)+4(-19)
~140-13-76
=510

~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.

Solve system of linear equations, using matrix method.
dJx+2y=4
Tx+3y=5

Answer



The given system of equations can be written in the form of AX = B, where

5 2 X Bl
4= LA = and B=| _|.

SRS
Now, |4|=15-14=1=0.

Thus, A is non-singular. Therefore, its inverse exists.

Now,

A= i{aa_fm}

|4

7
[x 12-10 2
-
y| [-28+25] |-3

Hence, x =2 and y =-3.

Question 8:

Solve system of linear equations, using matrix method.

dx—y=-2
Ix+dy=3
Answer

The given system of equations can be written in the form of AX = B, where

ol e

MNow,
A=8+3=11=0

ot

Thus, A is non-singular. Therefore, its inverse exists.



Now

4 I
et 4]

x 1[—8+3] 1[5 Y
= = — = — =
y| 11| 6+6 1112 12

Hn’.inn::t;f,)r=_:‘I and y = 12.
11 11

Question 9:

Solve system of linear equations, using matrix method.

dx -3y =3
3x-5y=7
Answer

The given system of equations can be written in the form of AX = B, where

4 -3 Mx 3
A= LA = and B = .

3 -5 ¥ 7
Now,

A=-20+9=-1120

Thus, A is non-singular. Therefore, its inverse exists.



6

gt S e S R

¥l 113 417 11{9-28 1| -19 19
n

Hence, x = 6 and y= —IE}‘

11 11

Question 10:

Solve system of linear equations, using matrix method.

5x + 2y =3

3x+2y =5

Answer

The given system of equations can be written in the form of AX = B, where

5 2 X 3
-;1‘ = 1-’.'; = HI'Id .B = .
3 2 v 5
Mow,
A=10-6=4=0

Thus, A is non-singular. Therefore, its inverse exists.

Question 11:
Solve system of linear equations, using matrix method.
2x+v+z=1
3
X — 2}‘— [
2
3y=5z=9
Answer

The given system of equations can be written in the form of AX = B, where



and 8=

=N

1l

|

&

|

-

1]
(PR
L= S

Mow,
A =2(10+3)-1(-5-3)+0=2(13)-1(-8)=26+8=34 %0
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =13,4,=54,=3

A, =84, =-10,4,, =-6

Ay =1 Ay =3, 45 =5

13 8 ]
] ]
A =—(adid)=—]| 5 -10 3
7)=5 |
-6 -5
13 8 I :
O | 3
wX=A B=345 -10 3 5
3 —6 -5 9
(1341249
=¥ :—I 5-15+27
34
z 13-9-45
34 ]
:l 17 |= l
34 2
=51

Hencek_rzl,y:l* andz ===,
2 2

Question 12:

Solve system of linear equations, using matrix method.
xX—y+z=4

2x+y—-3z=0



X+y+z=2
Answer

The given system of equations can be written in the form of AX = B, where

1 -1 1 x 4
A=|2 1 3. X=|y|land B=|0]|.
1 1 1 z 2

Now,
A=1(143)+1(2+3)+1(2-1)=4+5+1=10=0
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =4.4,=-5,4,=1
A,y =2,4,=04,,=-2
Ay =2,4,=5,4,,=3

4 2 2
. ,4-'=|%{aq;,4}=% -5 0 5
I -2 3
4 2 2[4
;.X:A"H:l -5 0 510
10 1 -2 32
x [ 164+0+4
=¥ =i =20+0+10
z m_4+[}+6
20
L -10
m_ 0
2

Hence, x=2,y=-1, and z =1.

Question 13:

Solve system of linear equations, using matrix method.



2X+ 3y +3z=5
X—=2y+z=-4
3x—-y—-2z=3
Answer

The given system of equations can be written in the form AX = B, where

2 3 3 X 5
A=|1 2 1 |.x=|ylandB=|-4]|.
3 -1 -2 z 3

Now,
Al =2(441)=-3(-2-3)+3(-1+6)=2(5)-3(-5)+3(5) = 10+15+15=40# 0
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =5,4,=3,4,=3
A, =3,4,, =—13,4,, =11
Ay =94, =LA, =7

5 3 4]
1 1
LA =—(adid)=—|5 ~13 1
A|[ §A) 40
5 11 -7
3 3 915
A’=A"!1‘=L.‘i -13 1 || -4
40
5 11 -713
x (2512427
= |y 1 2545243
40
z |25-44-21
| 40
=0 80
—40
1
= 2

Hence, x=1,y=2,and z =-1.



Question 14:

Solve system of linear equations, using matrix method.
X—y+2z=7

3x +4y — 5z= -5

2x —y +3z=12

Answer

The given system of equations can be written in the form of AX = B, where

] -1 2 x 7]
A=|3 4 S5, X=|y|andB=|-5 |.
2 -1 3 = 12

Now,
Al=1(12-5)+1(9+10)+2(-3-8)=7+19-22=4=0
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =7.4,=-19,4,=-11

Ay =1lA, =—14,,=-1

Ay =34, =114, =7

| | 7 | -3
A'=—(adid)=—|-19 -1 11
|A{ " ' -1 -1 7
7 1 -31[7
.'.X:A"B:&—I? -1 11| -5
-1 -1 7112
X [ 49-5-36
=¥ =;I1. =133 +5+132
z | ~77T+5+84
'8 2
Mg 2l
4_12 3

Question 15:



If -2 , find A™1. Using A™! solve the system of equations
2x=3y+5z=11
Ix+2y—d4z=-5

X +y-2z=-3
Answer
2 3 5
A=|3 2 —4
1 1 -2

LA =2(—4+4)+3(-6+4)+5(3-2)=0-6+5=-1=0
Now, 4, =0, 4, =2, AH=1

Ay =-1, A, =9, A,, =-5

A‘,—Z Au—?'-! Ay, =13

0 -1 2 0 l =2
A7 =L{af._e‘,r}4}=— 2 -0 23 (=] =2 9 =23 []j
‘ | -5 13| -1 s 413
Now, the given system of equations can be written in the form of AX = B, where
2 -3 5 x 11
A=|3 2 4L X =|v|and B=|-

1 1 -2 z -3



The solution of the system of equations is given by X = 47'B.

X=A'B
X 0 1 -2 11
—|yl=|—2 9 23| -5 [ Using (1)]
| [-1 5 ~13 | -3
[ 0-5+6
=|-22-45+69
~11-25+39
1
=|2
3

Hence,x =1, y=2, and z = 3.

Question 16:

The cost of 4 kg onion, 3 kg wheat and 2 kg rice is Rs 60. The cost of 2 kg onion, 4 kg
wheat and 6 kg rice is Rs 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is Rs 70.
Find cost of each item per kg by matrix method.

Answer

Let the cost of onions, wheat, and rice per kg be Rs x, Rs y,and Rs z respectively.
Then, the given situation can be represented by a system of equations as:
dx+3y+2z=060

2x+4dy+6z=90

bx+2y+3z=T0

This system of equations can be written in the form of AX = B, where

1 3 2 X 60
A=|2 4 6|.X=|y|and B=|90|.
6 2 3 z 70

|4|=4(12-12)-3(6-36)+2(4-24)=0+90-40=50 =0
Now, A, =0.4,=30.4,=-20

Ay =54, =0,4,, =10

A, =104, =-20,4, =10



sadid=| 30 0 -20
20 10 10
0 -5 10
A= —adid= 30 0 -20
| -20 10 10
Now,
X=A1'B
0 =5 10 |60
:;x:% 0 0 -20]9
2010 10 || 70
x 0—450+ 700 ]
=y =5_lc~ 1800 +0—-1400
z ~1200+900+700 |
250
=1 1400
5”_41)1]
-
=|8
8

nx=5y=8andz=8.

Hence, the cost of onions is Rs 5 per kg, the cost of wheat is Rs 8 per kg, and the cost of
rice is Rs 8 per kg.



Miscellaneous Solutions

Question 1:
x sinf@ cosd
—sinfl —x 1
Prove that the determinant cos ¢ ! o is independent of 6.
Answer

x sin cosf
A=|-sinfd -—x 1
cos (7 1 x
= x(x* —1)—sin#(—xsin 6 - cos &)+ cos (—sin 6 + x cos 6)
=x' —x+xsin* @ +sinfcosd —sin & cos & + xcos” @
=x -x +x(sin3 @ +cos’ B)
=x —x+x
=x" (Independent of )

Hence, A is independent of 6.

Question 2:
Without expanding the determinant, prove that

a’ bel |1 a’ a’
b b’ cal=|1 b’ b
¢ et ab| |1 ¢’ ¢’

Answer



=—|b’ b abe [R —aR,.R, — bR,.and R, — ¢R, |

=—abc b’ b 1 [ Taking out factor abe from C, |

c c ab
a : abc
1
abe|
C c abc
a l
|
abe s .
e o 1
a a 1
=k b 1
e ¢t 1
] a !
=11 b
] c* c
=R.H.5.

Hence, the given result is proved.

Question 3:
cosacos ! cosasinfl  -sina
—sin f# cos f1 i

sin & cos sin e sin COS e
Evaluate B p

Answer

cosacos i cosasinf  —sina
A=| —sinf cos i 0
singcosff  sinasinfl  cosa

Expanding along C;, we have:

[Applying C, <> C, and C, <> C,]



A =—sin .r_nr(—s.inr::rs.in3 B —cos’ ,{)'sina)+coscx(coscxc053 B +cosasin’ ,{f]
=sin’ a[sinz ﬁ+cuslﬁ)+ms: a[cuslﬂﬁinz ,8)
=sin’ a (1) +cos” a(1)
=1

Question 4:

h+c c4+a a+bh
A=le+a a+b b+el=0

a+bh b+e c+a
If @, b and c are real numbers, and

Show that eithera + b+ c=0o0ra=»> =c.
Answer

h+c c+a a+b

A=|lc+a a+b b+e

a+h b+c c+a

Applying R, - R, +R, + R,. we have:
2{{:+h+c:| 2[a+h+r:] 2[a+h+c']
A=lc+a a+h b+

a+h bh+e c+a

I | 1
=2(a+b+c)c+a a+b b+c
a+bh b+c c+a
Applying C, = C, =C, and C, — C, - C,, we have:
1 0 0
A=2(a+b+c)c+a b-c b-a
at+h c—a c-b

Expanding along R;, we have:



5=2[a1h1c][|]“b c'](c h) {f; a][c' H)J
2{u+b+c][—b:—c:+2bc—bc+bu+uc—u3:|
=2{u+h+c)[m’1+bc'+ca—a:—b:—c::l

It is given that A = 0.

[a+b+c}[ab+he+m—a:—b:—c':]:ll]

= Eithera+b+c=0, orab+bc+ca—a —b —¢ =1,

Now,

ab+betca-a’ —b —c* =0

= —2ab—2bc—2ca+2a’ +2b +2c* =0

= (a-b) +(b—c) +(c—a) =0

= (a—h): =[h—(.-)1 =|:(.'—(1)2 =0 [(n—h}i(h—c}i{c—a]z are non-ncg_mivc}
= (a—h) :[h—c} :(c—a) =1
=a=h=c

Hence, if A = 0, then eithera+ b+ c=0o0ra=>b=c.

Question 5:
xX+a X x
x x+a x |=0,az0

. X x+a
Solve the equations

Answer



X+ X X

x x+a x |=0

X X X+a
Applying R, » R, +R, +R,, we get:
Jx+a  3x4+a 3x+a

x x+a x |=0
X x I+a
1 1 1
:}(3x+a]x X+ x =0
X X x+u

Applying C, »C,-C, and C, —» C, - C,. we have:

1 0 0
(3x+a)x a 0 =0
x 0 a

Expanding along R, we have:
(3x+a)[1xa’|=0

=a (3x+a)=0

Buta =0,

Therefore, we have:

3x4+a=0

o
S x=—=
3

Question 6:

a be  ac+e”
a’ +ab b’ ac |=4a’b’c’
b +be

Prove that

Answer



a’ bc  ac+c’

A=l|a’ +ab b’ ac
ab b +be ¢
Taking out common factors a, b, and ¢ from C,,C,, and C,, we have:
a ¢ a+te
A=abcla+b b a
b b+c ¢
Applying R, - R, -R, and R, -+ R, -R,, we have:
a ¢ a+c
A=abe| b h-c¢ -c
b—a b —a
Applying R, =R, + R, we have:
a C a+c
A=abcla+bh b e
b-a b ~al
Applying R, — R, +R,, we have:
a c a+c
A=abcla+b b a
2h 2h 0
a c a+c
=2ab’cla+b b a
| 1 ]

Applying C, —»C, ~C,, we have:
a c—a atc
A=2ab’cla+tb -a a
1 0 0
Expanding along R;, we have:
A= Efrb:cl:a(c*—a] +a{u +r:]:|
=2ab’c [ac— a’+a’+ ac]
= Eahlc{Eaf}
— Agth



Hence, the given result is proved.

Question 8:
1 -2 1
A=|=-2 3 1
Let : ! > verify that
(i [99] '=adi(4”)
-1
iy (1) =
Answer
1 -2 I
A=|-2 3
1 1 5
.'.|.4|=1{15—1}+2[—1l}—l]+I(—2—3]=I4—22—5=—]3
Now, 4, =14, 4, =114, =-5
A, =11L4,=44,=-73
A, =-54,=-3,4,=-1
14 11 -3
sadid=|11 4 -3
-3 -3 -1
A :é(mﬁfﬂ
14 11 -3 -11 3
-—% 11 4 -3 -]—3 -1 -4 3
-5 -3 -1 3 1
(1)
aq‘jA|:I4[—4—9}—11{—lI—IS]—S(—33+2[}]

= 14(-13)-11(-26)-5(-13)
= —182+286+65 =169

We have,



fadid] " = (adj(adit))

jacijA|

169 169
_(_L_E)
169 169
3320
__+_
169 169
13 26
-1l 30

169
-3 -13

Hence, [adjd] " =adj(A™).

cadi(A7)=

(i)

-13
—65
14 11 1
131313
| on 4 3
131313
1
13 13 13
(o1 1S
65 ies)
14 25
169 169
42 55
{eis)
~13 -1 2
il=t 3
13
—65 -1 -1

33

— — —
169 169
[ 42 55]
] e =
169 169

36

169

121

20

169




We have shown that;

“14 -1l 5
A"=% -1 -4 3
5 3 1
-1 2 -
And, aaj'.ﬂi"=% > 3
-1 -1 -3
Now,

A =[|1J [—14x(-13)+11x(-26)+ 5><{—13}]=[]13T x(~169)=-

L -1 2
.'.(A'L] 1 adid 1 xi 5 3

- a7 :[_|13] 37
(4t =4

Question 9:
x ¥ r+y
v X+y x

X+ X v
Evaluate ¥ :

Answer

[a—



x yooox+y

A=| vy x+y  x

x+y x v

Applying R, - R, +R, + R, we have:
2(x+y) 2(x+y) 2(x+y)
A=| y x+y x

X+ ¥ x
1 1 1
=2(x+y)| » X+y X
x+y x ¥y
Applying C, - C, -C, and C, —» C, - C,, we have:

I 0 0
ﬁz2[x+y] v X x=y
x+y =y —-X

Expanding along R;, we have:
A= 2{x+ y][—_rz + y[x—y]]

=-2(x+ y][xz +y' =)

= —2[1"‘ + y‘z)
Question 10:
I x y
1 x4y ¥
Evaluate ! oy

Answer



| X ¥
A=|l X+ v ¥
| X Xty

Applying R, - R, =R, and R; - R, —R,, we have:

| X ¥
A=l ¥ 0
0 0 x

Expanding along C;, we have:

A=1{xy—0)=xy

Question 11:

Using properties of determinants, prove that:

I a®  f+y

g B yral=(B-y)r-a)(a-B)a+B+y)
y ¥ oa+p

o 7 B+
A=\ 5 y+a
y y¥ooa+p
Applying R, - R, =R, and R; - R, —R,, we have:

a a’ B+y

A=|f-a 5 -a a— 3

y—a y el a—y

ot a' By
=(f-a)(y—a) fra -1
1 y+a -1

Applying R, = R, —R,, we have:



a a' Py
A=(p-a)(y-a)l fra -1

0 y=4 0
Expanding along R;, we have:
A=(p-a)(r-a) -(r-B)(-a-p-7)]
=(B-a)(y-a)(y-B)a+p+7)
=(a=-B)B-y)r-a)la+p+r)

Hence, the given result is proved.

Question 12:

Using properties of determinants, prove that:

x x° 1+ px’

¥ v 1+ py = (1 ps)(x—y)(y-2)(z-x)
z z? 1+ pz’

Answer
p) 1
x x° 1+ px
A=y y: 1+ py"

z z’ I+ pz’

Applying R, -+ R, -R, and R, = R, - R,. we have:

v x° I+ px’
A=|y—x 32— p(y' —x")
[ 2o p(f —x"’)
x x’ 1+ px’
o ex p(pertn)
] =4y p(zz+x3+xz)

Applying R, = R, -R,. we have:



-

x x 1+ px’

A=(y-x)(z-x)|l V+x p(y* +x* +xp)
0 z-y pl-y)(x+y+z)
x X 1+ px’
=(y=x)(z-x)(z-»)|l y+x p(y3+x:+xy)
0 1 plx+y+z)

Expanding along R;, we have:

A=(x—y)(y-2)(z- x}[[—l}{p}(.xy: +x'+ x:y]+] +px’ + p(x +y+z](3.}-‘}}
=(x—y)(y-2)(:z —x}[—p.tyz —px’' = pxy 41+ px’ 4 pl v+ pot + t:l
=(x=y)y-z)(z—x)(1+ pxyz)

Hence, the given result is proved.

Question 13:

Using properties of determinants, prove that:
3a —a+h —a+e

~b+a  3b -b+c|=3(a+b+c)(ab+be+ca)
—c+a —c+b 3¢

Answer

3a —a+h —a+c¢

A=|-b+a 3b -b+e

—c+a —c+h 3¢

Applying C, — C, +C, + C,, we have:

a+b+c —a+h —a+e¢
A=la+b+e 3b ~bh+c
at+h+e —-c+b 3c




1 —a+bh —a+c

=(a+b+c)|l 3b —bh+ec
1 —c+h 3¢
Applying R, - R, =R, and R; = R, —R,, we have:
1 —a+h —-a+¢
A=(a+b+c)|0 2h+a a-b
0 a—c Ze+a

Expanding along C;, we have:
A=(a+b+c)[(2b+a)(2c+a)-(a—b)(a—c)]
:(a+b+c']|:4hc+2ah+2m:'+a3 —a1+ac+bc:—bc']
(a+b+c)(3ab+3be +3ac)
=3(a+b+c)(ab+be+ca)

Hence, the given result is proved.

Question 14:
Using properties of determinants, prove that:

I 1+ p 1+ p+g
2 3+2p 4+3p+2q =1
3 6+3p 10+6p+3g

Answer



1 I+p I+ p+yg
A=|2 3+2p 4+3p+2q

3 6+3p 10+ 6p+3g
Applying R, - R, -2R, and R, —» R, - 3R, we have:

1 I+ p l+p+g
A=|0 1 2+ p

] 3 T+3p
Applying R, = R, -3R,. we have:

| 1+ p 1+ p+yg
A=|0 | 2+ p

] 0 |

Expanding along C;, we have:

I 2+ p
0 1

A=1

Hence, the given result is

Question 15:

Using properties of determinants, prove that:

SINGE COS X c-;m{fz + 5}

~1(1-0)=1

proved.

sinfi - cos i cos(f+5) =0

siny  cosy cos(y+d)

Answer



sing cosar cos(a+0)
A=sinff cosfl cos(f+6)
siny  cosy cos(y+d)

I sine sind COS (2 COS O
= |sin fisind cos ffeosd
sind cosa | | - .
sin ¥ sin g COSs ¥ Cosd

Applving C, — C, +C,. we have:
COS & COS I COS & COS &
&:;"msﬁcosﬁ cos fcosd

sind cosd ., N
COS ¥ CO8 O COS ¥ COS O

Here, two columns C, and C, are identical.

SoA=0.

Hence, the given result is proved.

Question 16:

COscr Cosd — sinar sin g
cos ffeosd —sin fFsind

COS8 ¥ COS ¢ — sin p sin d

COSf COS O —Sin e sind
cos ffcosd —sin fsind
COS ¥ COS d —8in ysind

Solve the system of the following equations

2,3, 10_,
x vy =
4_6.5_,
X oy z
6+9_2{}:2
Xy =z
Answer
1 ] 1
_=!}!_=q,_=r
Let * y

Then the given system of equations is as follows:

2p+3g+10r=4
dp—bg+5r=1
6p+9g-20r=2

This system can be written in the form of AX = B, where



2 3 10 P 4
A=|4 -6 5 |LX=|g|andB=|1
6 9 =20 r 2
Now,
A =2(120-45)-3(-80-30)+10(36 +36)
=150+330+720
=1200 A

Thus, A is non-singular. Therefore, its inverse exists.
Now,

A1 =75, A1, =110, A3 =72

A1 = 150, Ay, = =100, A3 =0

As1 =75, As; = 30, A3 = — 24

oA =%m;m
75 150 75
- 110 =100 30
1200
72 0 -24
Now,
X=A"8
p 75 150 75 [4
=g S 110 —100 30 ||1
1200
r 72 0 24 (|2
[300+150+150
=12:;m 440 100+ 60
| 288+0-48
5
6007 |2
1 1
=1200| || 3
| 240 |
5]

. p=tg=1 andr—]
CPE Ty 5
Hence,x=2,y=3andz=5.



Question 17:

Choose the correct answer.

If a, b, ¢, are in A.P., then the determinant
x+2 x+43 x+2a

x+3 x+4 x+2b

x+4 x+5 x+2c

A.0B.1C. xD. 2x
Answer
Answer: A
x+2 x+3 x+2a
A=x+3 x+4 x+2b
x+4 x+5 x+2¢
x+2 x+3 x+2a
=x+3 x+4 x+(a+c) (2b=a+cas a.b,and ¢ are in AP.)
x+4 x+5 a+2c
Applying R, - R, —-R, and R, - R, -R,, we have:
=1 =1 a-c
A=x+3 x+4 x+(a+c)
1 | c—a
Applying R, — R, +R,. we have:
0 0 0
A=x+3 x+4 x+a+c

| | c—d

Here, all the elements of the first row (R;) are zero.
Hence, we have A = 0.

The correct answer is A.



Question 18:

Choose the correct answer.

If x, y, z are nonzero real numbers, then the inverse of matrix

0 0 x!
0 y'oo0 xyz| 0
a L0 0 z” 0
X 0 0 1
1 0 ¥ 0 1 0
c Loz o
Answer
Answer: A
X 0 0
A=|0 ¥ 0
0 0 z

Now, 4, =yz, 4, =0,4,=0
A, =04, =xz.4,, =
AJI = U- -"i_xg = U. .4_13 =Xy

vz 0 0
Soadid=]0 xz 0
0 ] xy

AT =Lja¢ﬁA

4

0 0

v

0 z”!
0 0
1 0
0 1

= o =R

by



=—707I0 xz 0
Xyvz
|0 0 Xy
= 0 0
Xz
_|o Xz 0
xyz
00 a4
L 0z |
o ol
X X ]
1
=0 — 0=0 v 0
’ | 0 ] z!
0 0 |
The correct answer is A.
Question 19:
Choose the correct answer.
1 sinf? 1
A=|—-sin 1 sin #
Let -l sing 1] here 0 < 6= 2n, then

A.Det (A)=0

B. Det (A) € (2, o)

C. Det (A) € (2, 4)



D. Det (A)e [2, 4]

Answer

sAnswer: D
1 sinf 1
A=|—sinf 1 sin &
-1 —sinfd |
~.|A|=1(1+sin* @) —sin&(—sin & +sin @) +1(sin’ +1)
=1+sin” @+sin” G +1
=2+2sin" @
=2(1+5in:9}
Now,0<#<2n
=0=sind =1
=0 <sin"@<1
=1<l+sin"@<2
=2<2(1+sin"0) <4
. Det(A4)e[2,4]

The correct answer is D.



