Class XI Chapter 4 - Principle of Mathematical Induction Maths

Exercise 4.1

Prove the following by using the principle of mathematical induction for all n € N:

()

2

1 +3+3 +..+3"" =

Answer

Let the given statement be P(n), i.e.,

(1)

P(n): 1+3+3%+.+3"1= 2
Forn = 1, we have
“I_I}_E_E_l
P(1): 1 = 2 2 2 , Which is true.

Let P(k) be true for some positive integer k, i.e.,

1+3+3 +.._+3"" =

(i)

We shall now prove that P(k + 1) is true.
Consider

14+ 3+3%+ ..+ 343001
=(1+4+3+3%+...+ 3 4 3¥

= +3 [L:F.ing_ {i_]]




Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

- _ Y
1-'+2-‘—3-'+...—n‘=f—”{”+ )
', 2 /

Answer

Let the given statement be P(n), i.e.,

- _ Y
1-'+2-‘—3-'+...—n*:f—”{’i+ )
s J

P(n): e

Forn = 1, we have

5
P(1):13=1=+ = /J 7/ , which is true.
Let P(k) be true for some positive integer k, i.e.,
| -
. . : K&+ .
F+2°+3 +...+&k = [—) 1)
N

We shall now prove that P(k + 1) is true.
Consider
134+224+33+ .+ + (k+1)3



[£E531I+{k+u‘ [Using (i)]

_K(k+1y

n +(k+1)
K (k+1) +4(k+1)
- 4
(k+1)" {&7 +4(k+1)]
- 4

(k+1) [k + 4k +4)

4
(k+1) (k+2)
I

(k+1) (k+1+1)

4
(k) (k+1+1) Y

=P +22+33+ .+ +(k+ 1) 2

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

I+ ! - ! +...+ | = 21
(1+2) (1+2+3) (1+2+43+.n) (n+1)
Answer
Let the given statement be P(n), i.e,,
| 1 1 - 1 _ 2n
P(n): 1+2 1+2+3 1+2+3+.n n+l

Forn = 1, we have
2.1 2

= = ]

P(1):1=1+1 2 which is true.

Let P(k) be true for some positive integer k, i.e.,



1 1 1 2k
+ + ..+ + .t =
1+2 1+2+3 1+2+34+..+&  k+1

We shall now prove that P(k + 1) is true.

1 o A1)

Consider

I l I l

1+ + +...+ +
1+2 1+2+3 1+2+34+ . +k 1+2+43+ +k+(k+1)

=(I+ I S : ]+ I

1+2 1+2+43 1+2+3+. k) 14243+ +k+(k+1)
2% 1
ket +I+2+3+...+ﬁc+[k+l]
_ 2k N 1

k+1 {[ﬁr+l][k+l+l]]

[Using (1)]

n[n-{-l}
1+243+. . +n=

-
\ L

2k 2
(k+1) " (k+1)(k+2)

={&iﬂ[k+klz]

Question 4:
Prove the following by using the principle of mathematical induction for all n € N: 1.2.3
n(n+1)(n+2)(n+3)
+234+ .. +nn+1)(n+2)= 4
Answer
Let the given statement be P(n), i.e.,
n(n+1)(n+2)(n+3)
P(n): 1.2.3+234+ ..+n(n+1)(n+2)= 4
Forn = 1, we have
I{I +I}{1+2]{I+3} _ 1234 _6
P(1): 1.2.3=6 = 4 4 , which is true.
Let P(k) be true for some positive integer k, i.e.,
Ck(k+1)(k+2)(k+3)
123+2&4+m+kw+1uk+m__ 4

(D)



We shall now prove that P(k + 1) is true.

Consider

1.23+234+ .+ k(k+1)(k+2)+(k+1)(k+2)(k+3)
={1.234+234+ .. +kk+1)(k+2)}+(k+1)(k+2)(k+3)

_ “k””tz]“ *3]+(ﬁ +1)(k+2)(k+3)  [Using ()]

.fk A
—+IJ
.4

(k1) (k+2)(k+3)(k+4)

=(k+1)(k+2)(k+3)

4
(A+1)(k+1+T)(A+142)(k+1+3)
4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:
(2rn—1)3""+3
4

13423 +33 +...+n3" =

Answer

Let the given statement be P(n), i.e.,
3 -1

> 2n—1)3"+3
1.3+2.3 +3.3 +...+n3 :#
P(n) : 4

Forn = 1, we have

C(21-1)3743 343 12

= —=3
P(1): 1.3 =3 4 4 4 , which is true.

Let P(k) be true for some positive integer k, i.e.,

. 2k—1)3"+3
134232433 44 k3t = 1*

We shall now prove that P(k + 1) is true.

(i)



Consider
1.3 + 2.32 + 3.3 + ... 4+ k3*+ (k + 1) 3¢*1
=(1.342.32+ 3.3+ .+ k3 + (k + 1) 31

(2k-1)3""+3

+(k +1)3 [LJsing{i‘J]

(26137 43+ 4(k +1)3"
N 4
32k —1+4(k+1)}+3
4

36k +31+3

4
332k + 11 +3

4
32k 143

4
Cf2(k+1)-13" 3
- 4

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

1)(n+2
12+2&+34+M+H{H+U={”DH-H”+ q

3

Answer

Let the given statement be P(n), i.e.,

)(n+2
11+25+34+M+H{H+U=[”bH-¥”+ q

P(n):
For n = 1, we have
H1+1)(1+2 2.
12-2-10+D(1+2) 123
P(1): 3 3 , which is true.



Let P(k) be true for some positive integer k, i.e.,

12423434+ ...+ k(k+1)= F“"* I}H*ﬂ - ()

-

A

We shall now prove that P(k + 1) is true.

Consider

1.24+23+34+ . +k(k+1)+ (k+1).(k+2)
=[12+23+34+ .. +k(k+1D]+(k+1).(k+2)

_ k(k+1)(k+2)

- +{k+1)(k+2) [Using (i)]
= (k+1) (k4 zjé bl |

(k+1)(k+2)(k+3)

(k+1]{ﬂ1v|}[;ﬁl+z}
3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

nl4n’ +6n-1
1.3+43.5+5.7+...+(2n—-1)(2n+1) = f 5 )

Answer

Let the given statement be P(n), i.e.,

nld4n’ +6n-1
1.3+43.5+5.7+...+(2n—-1)(2n+1) = f )
P(n): 3
For n = 1, we have
. H4r+61-1) 446-1 9
P[I]:]..J=_"l= = - = —= 3
3 o 3 , Which is true.

Let P(k) be true for some positive integer k, i.e.,



o k(4k +6k—1) |
L3+354+5. 7+ .+ (2k-1)(2k+1)= - Y
3

We shall now prove that P(k + 1) is true.
Consider
(1.3+35+57+..+Rk-1)Rk+1)+{2(k+1)-1¥{2(k+ 1)+ 1}

k(4 +6k -1
=[ ; }+[2.{-+2-I}{2k+2+lj [Using (i)]

k(47 +0k-1)

+(2k+1)(2k +3)

. J"'['r'”‘_;J:w"'_]]'Jr(m;-usm:%]
2

k(4" +6k 1)+ 3( 45" +8k +3)

)
2

A6k — k1267 + 24k +9

-
. J

4k +18K"+23k+9
) 3

4+ 14ET + 9k + 407 + 146 +9
) 3

k(45 +14k+9)+ 1(4k° +14k+9)
) 3
(A1) (AT + 148 49)

3

(k+1){4k" +8k+4+6k+6-1|

(k +|}{4(k: +l;k +1)+6(k +|]—I}I
) 3
(k+1){4(k+1) +6(k+1)-1]

3
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.



Prove the following by using the principle of mathematical induction for alln e N: 1.2 +
2.22+3.2°+ .. +n2"=(n-1)2"t +2

Answer

Let the given statement be P(n), i.e.,

P(n): 1.2 +2.2°+3.2°+ ... +n2"=(n-1) 2"t + 2

Forn = 1, we have

P(1):1.2=2=(1-1)2""+2 =0+ 2 = 2, which is true.

Let P(k) be true for some positive integer k, i.e.,

1.2+ 2224+ 3.224+ .+ k2= (k-1) 25"t + 2 .. (i)

We shall now prove that P(k + 1) is true.

Consider

=(k=1)2""+2+(k+1)2""
=2 f(k-1)+(k+1)} +
=22k +2

=25 42

={(k+1)—-1}2""" 42

-

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:
1 1 1 1 1
bt =t -
2 4 8 2 2
Answer
Let the given statement be P(n), i.e.,
1 1 1 1 1
p(n): 2 4 8 2 2"



Forn = 1, we have

1
P(1): 2 2 2 , Which is true.

Let P(k) be true for some positive integer k, i.e.,

—d—+—=+, +t—=1- o (i
2 4 8 2! 2! W
We shall now prove that P(k + 1) is true.
Consider

1 1 1 ) l

s b SR S +_*J+ "

V2 4 8 2 2"

1 1 . .
Z[l_-}_aﬁjs-u [Using (i)]
SIS

20 22

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

] ] 1 i

+...+
25 58 811 [31?—1}{33?+2} (ﬁn+4}

]

Answer
Let the given statement be P(n), i.e.,
] ] ] 1 1

+ + +..T
25 58 811 [31?—1}{33?+2} (ﬁn+4}

P(n):

For n = 1, we have



pm:L:L ] ]

25 10 6.1+4 10", which is true.

Let P(k) be true for some positive integer k, i.e.,
1 1 1 1 k

_— +.t = . (1)

25 58 811 (3k-1)(3k+2) 6k+4

We shall now prove that P(k + 1) is true.

Consider

IS S SR ' . '

25 58 811 (Bk=1)(3k +2) {3(k+1)=1}{3(k+1)+2|
k 1

— + Lising (i)
6k+4  (3k+3-1)(3k+3+2) [ )
K |

= +

6k+4  (3k+2)(3k+3)

k |

“2(3k+2) (3k+2)(3k+5)

b (k1 ]
(3k+2)\ 2 3k+5

1 [k(3k+5)+2)
S (3k+2)| 2(3k+5) J

"

1 (3K +5k+2
C(Bk+2)| 2(3k+5)
o ’[3k+2}(ff+|}”‘|
(3k+2)l 2(3k+5)
_(k+1)
6k +10

o (k+T)
C6(k+1)+4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.



Question 11:
Prove the following by using the principle of mathematical induction for all n € N:

n(n+1)(n+2) 4(n+1)(n+2)

I I
+ +
3 234 345

I | =

Answer

Let the given statement be P(n), i.e.,
| JJ‘{H+3}

et n(n+1)(n+2) ) 4(n+1)(n+2)

I I
+ +
3 234 345

ok | =

P(n): L.
Forn = 1, we have
1 I-{I+3} -4

P['}:1.2.3:4{1+|}(1+2}_4~2-3_1-

Let P(k) be true for some positive integer k, i.e.,
| I | | k(k+3 .
{ } 1)

+_..+“k+1}[;;+2}:4{k +1)(k+2)

-

7, which is true.

[ | =

We shall now prove that P(k + 1) is true.

Consider



| ! | ! |
[|-2-3+2~3-4+3-4.5+ “““ +k[k+I]{k+2J+{k+1]{k+2]{k+3}
o k(k+3) . |
S (k1) (k+2)  (k+1)(k+2)(k+3)
I [k[.{-+3)+ |
.{+l}.{+2}1 4 k+3

J [£+J} +4}

[Using (i)]

(k1) (k+2) (k+3

k(K +6k+9)+ }

{.{+I}A+2} 4(k+3)

k' +6k” + 9k +4}

(k1) (k+2) 4(k+3)

£+I} k+2)

4(k+3) |
k(K +2k+ 1)+ 4(k <2k +1)|
(k1) (k+2) 4{“1} J‘

! {k[k+l}'+4[k+l}'}

(
1
(
1
(
1
(
1
(
1
(

| ¢

[

1

[

|

[ 207 e+ k% + 8k +4
1 |
K

l

T (k+1)(k+2) 4(k+3)
(k1) (k+4)

4k +1)(k+2)(k +3)

B (k+1){(k+1)+3}

4k 1)1 (k1) 42}

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.



Question 12:

Prove the following by using the principle of mathematical induction for all n € N:

X - cr{r” — I}
a+ar+ar +.. +ar’ = :
r—

Answer

Let the given statement be P(n), i.e.,

| u{r“ —I}

P(n):a+ar+ar’ +..+ar' = ]
I'-_

Forn = 1, we have
"l -1
P{I]:azu(f—]):a
(r=1) , which is true.

Let P(k) be true for some positive integer k, i.e.,

-

2 k-1 u{.l‘ _]} -

G+ dr +ar + ... +ar’ = | (1)
If'_

We shall now prove that P(k + 1) is true.

Consider

{a+ ar+ar’ + ... +ar' '}+.cu'["'_']_'

:—1+m" [Using{i}]

rr[x“ —]}+ ar' (r-1)

r—1

u(r‘ —]}+ ar'™ —ar'
r—1

ar' —a+ar* —ar'

=1
K+

Thus, P(k + 1) is true whenever P(k) is true.



Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 13:

Prove the following by using the principle of mathematical induction for all n € N:
'

3 50 7 2n+1 2

| 1+—][I+—J(l+—].,. l+( 5 ) =(n+1)

Lo 4, 9 H

Answer

Let the given statement be P(n), i.e,,

P(n): ]+‘—:][I+§ (I +gj,,{l+ﬁ—jl]]={n+ljz

Forn = 1, we have
P[I]:[1+%] =4=(1+1)" =27 = 4, which is true.

Let P(k) be true for some positive integer k, i.e.,

G A Uy O

We shall now prove that P(k + 1) is true.

Consider

3 5 7 (2k+1) (k+1)+1]
Ii[HT](HE_][HEJM[H 5 JHH—{&H} }
—(k+1) |+—2ii:1|}}+'] [ Using(1) ]

(k1) +2(k+1)+1
I |:|fc+|)1
(k+1) +2(k+1)+1
{{k+1}+l]

Thus, P(k + 1) is true whenever P(k) is true.

={.&+I}J




Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

|::1+H[|+;f1-—1{ i] (n+1)

y AN
Answer

Let the given statement be P(n), i.e.,
A DT IR TE 11
P(n):| 1+—“ I+—J| I+— |[ l+— |=(n+1)
h, ]z b 2 hY 3}' ”J‘
Forn = 1, we have
_ 1
P[I]:(HTJ:Z:{HI]
Let P(k) be true for some positive integer k, i.e.,

O R

We shall now prove that P(k + 1) is true.
Consider

_Ll—ij(H;][H;j[Hi MHR]* 1]
={A—+I}[I+ A—Ll] [ Using (1)]

_H_I_l}[{"};’ :}I‘;l]

=(k+1)+1

, Which is true.

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.



Question 15:

Prove the following by using the principle of mathematical induction for all n € N:

P+3+5 +..+(2n-1) = n(2n=1)(2n+1)

Answer
Let the given statement be P(n), i.e.,
n(2n=1)(2n+1)

P(H}:]:+3:+3:+,,,+{2H—|]2= 3

Form=1. we have
1{2.|—]}{2_|+1}_ 1.1.3

-
2 2

P(I)=1"=1= =1, which is true.

Let P(k) be true for some positive integer k, i.e.,
s s : K(2k=1)(2k +1
Pk)=1"+3" 45+ +(2k-1) = ( 3)( +1)

We shall now prove that P(k + 1) is true.
Consider
[Iz +3 45 (2 I]:} +{2(k+1)- I}:

_k(2k=1)(2k +1)

+(2k+2-1) [ Using (1]

)
3
'; k)| akary
)

_k(2k-1 (2k+1)+3(2k+1)

»
2

(2k+ 1)k (2k-1)+3(2k +1)]
- 3
:{2k+|}{2k:—ﬂ-+5k+3}

-
2




_{2&-—1}121{ +5k+1}

3
(2K +1){2K +2k +3k +3|

3
(k1) {2k (ke +1) 43 (k1))
B 3
C(2k+1)(k+1)(2k +3)
B 3
(ke {2k )1 {2(k 1)+ 1]

-

~
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 16:
Prove the following by using the principle of mathematical induction for all n € N:

1 ] | 1 "
—+— +.un =
14 47 710 " (3n-2)(3n+1) (3n+1)

Answer

Let the given statement be P(n), i.e.,

P(n): _*L I N I _n
14 47 700 " (3n-2)(3n+1)  (3n+1)

For n=1. we have
| I | B C
P(1)=—=——=—=—, which is true.
1.4 31+1 4 14
Let P(k) be true for some positive integer k, i.e.,
}_L 1,1, . ‘ S (1)
14 47 710 (3k-2)(3k+1)  3k+1

We shall now prove that P(k + 1) is true.

Consider



(11 ! !
1ﬁ+ﬁ+?_m+'”+(3k—2}{3ﬂ-+|J 13k +1)=2H3(k+1)+1]

K I )
T3kel (3k+1)(3k + 4) [Usine (1)}

| |
T (3k+1) {“{3“4}
1 [k(Bk+4)+]
C(3k+1) | (3k+4) }
S [k
C(3k1) | (3k+4)

1 [k eskrke]
(Gk+1)|  (3k+4) |
(3k+1)(k+1)
" (3k+1)(3k+4)

(k+1)

3(k+1)+1

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 17:
Prove the following by using the principle of mathematical induction for all n € N:
1 1 1 1 ]

—t—t—F..t =
3.5 57 7.9 7 (2n+1)(20+3)  3(2n+3)

Answer
Let the given statement be P(n), i.e.,
] ] 1 ] "

F(n): —t+—+..F =
() 35 57 79 (2n+1)(2n+3) 3(2n+3)

Forn = 1, we have



1 1 1
P{'}i§=3(, 1+3) 3.5
' - ", which is true.
Let P(k) be true for some positive integer k, i.e.,
1 1 1 I
Plk) —+—+—+...+ = o
( 35 57 79 (2k+1)(2k+3)  3(2k+3) )

-

We shall now prove that P(k + 1) is true.

Consider

[ | 1
+ + +..+ +
35 57 79 {2&+]]{2k+3}] (2(k+1)+1}{2(k+1)+3)

T3(2k+3) (2k+3)(2k+5) [ Using (1)]

k
C(2k+3)[ 3 (2k+3)
] k(2k+
C(2k+3)| 3(2k+5

1 [ +sk+3
(2k+3)| 3(2k+5)

1 [ 2K 42K+ 3k+3

T (2k+3)[  3(2k+5)
1 [ 2k(k+1)+3(k+1)
C(2k+3)|  3(2k+5)
(ﬁ-+|](2+’c+3}

3(2k +3)(2k +5)

(k+1)
“3{2(k+1)+3)

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 18:



Prove the following by using the principle of mathematical induction for all n € N:

1 .
1I2I3+...Hr-c:q[3r?llj'

L%
Answer

Let the given statement be P(n), i.e.,

=]

P{H}:l+2+3+...+H{%{2H+1}

1 » Y
l<—(2.1+41) =
It can be noted that P(n) is true for n = 1 since 8 8

Let P(k) be true for some positive integer k, i.e.,
1 :
1+2+...+Ir-::8{2k+1}' (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(14244 k) + (k4 1)-::;{2!: 1) 4 (k+1) [ Using(1)]
] . - .

{8|[3k+]] +E{k+]}}

< LMk s k14 8k +8)
gl J

TE 1
{31” +12k+9}

<L (k+1)+1}’

-2

1 s
(1424344 k) +(k+1)<—(2k+1) +(k+1)

Hence, B

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.



Prove the following by using the principle of mathematical induction for alln e N: n (n +
1) (n + 5) is a multiple of 3.

Answer

Let the given statement be P(n), i.e.,

P(n): n (n + 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) is true forn = 1 since1 (1 + 1) (1 + 5) = 12, whichis a
multiple of 3.

Let P(k) be true for some positive integer k, i.e.,

k (k + 1) (k + 5) is a multiple of 3.

+k(k+1)(k+5)=3m,wheremeN..(1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(k+D)f(k+1)+ 1 (k+1)+5)

=(k+1)(k+2){(k+5)+1}

=(k+1)(k+2)(k+5)+(k+1)(k+2)

=Lk (k+1)(k+5)+2(k+1)(k+5)}+(k+1)(k+2)

=3m+(k+1)f2(k+5)+(k+2)]

=3m+(k+1){2k +10+k +2}

=3m+(k+1)(3k +12)

=3m+3(k+1)(k+4)

=3{m+(k+1)(k+4)} =3xq. where g ={m+(k+1)(k+4)} is some natural number
Therefore, (k+ I}J{F[k + l]+1}{[ﬂ' 1 I]+5} is a multiple of 3,

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

n-1

Prove the following by using the principle of mathematical induction for all n € N: 102
+ 1 is divisible by 11.
Answer

Let the given statement be P(n), i.e,,



P(n): 10"~ + 1 is divisible by 11.

It can be observed that P(n) is true for n = 1 since P(1) = 10> "'+ 1 = 11, which is
divisible by 11.

Let P(k) be true for some positive integer k, i.e.,

10%*~1 + 1 is divisible by 11.

~10%"'4+1 =11m, whereme N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

ln![.’.rl]-l +1

=10 4]

=107 +1

=107 (107" +1-1)+1

=107 (10" +1)=10 +1

=10°1 1m—100+] [ Using (1) ]

=100%1 1w —99

= 11{100m-9)

=11r, where r =(100m—9) is some natural number

Therefore, 10°"""" 41 is divisible by 11.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N: x*" -
y?" is divisible by x + y.

Answer

Let the given statement be P(n), i.e.,

P(n): x*" - y*" is divisible by x + y.

It can be observed that P(n) is true forn = 1.

This is so because x> *! — y?**! = x> - y? = (x + y) (x - y) is divisible by (x + y).

Let P(k) be true for some positive integer k, i.e.,



x*¢ - y*is divisible by x + y.

X -y =m (x +y), whereme N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

el L B L)

I

=
-
1
;o=
- a4
[

p—1
-IJ
B

—

=x {nr{.r+_rj+_1-“}—_1-” -yt [Usin;_: {I}:l
=m(x+y)at 4yt =t yd

=m(x+y)xt 4y (7 - »7)

=m(x+p)x"+ " (x+ ) (x-y)

=(x+y){mx’ + ™ (x—y)}. which is a factor of (x+ ).

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N: 32" *2
- 8n - 9 is divisible by 8.

Answer

Let the given statement be P(n), i.e.,

P(n): 3°"*2 - 8n - 9 is divisible by 8.

It can be observed that P(n) is true forn = 1 since 32*1*2 -8 x 1 - 9 = 64, which is
divisible by 8.

Let P(k) be true for some positive integer k, i.e.,

3%k*2 _ 8k - 9 is divisible by 8.

~3%k*2 _8k -9 =8m; wheremeN .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



e

g (k+1)-9

=3"7.3" -8k -8-9

=37 (3" 8k —9+8k+9) -8k -17

=37 (3"~ 8k —9)+3 (8k+9) -8k —17
=9.8m+9(8k+9) -8k —17

=0.8m+ 72k +81 -8k —17

=0 8m+64k+064

=8(9m +8k +8)

=8r, where r =(9m+ 8k +8) is a natural number
Therefore, 3" —8(k +1) -9 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N: 41" -
14" is a multiple of 27.

Answer

Let the given statement be P(n), i.e.,

P(n):41" - 14"is a multiple of 27.

It can be observed that P(n) is true for n = 1 since 41'-14' =27 , which is a multiple of
27.

Let P(k) be true for some positive integer k, i.e.,

41k - 14%is a multiple of 27

~41% - 14X = 27m, where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



410 144!

=41"-41-14"-14

=41{41" - 14" +14" ) 14" 14

=41(41" —14" )+ 41.14" —14" .14

=41.27Tm+14" (41-14)

=41.27m+27.14"

=27(41m—-14")

=27xr, where r = {4 Im=14 J is a natural number
Therefore, 41" =14"*" is a multiple of 27.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all 7 = N:

(2n +7) < (n + 3)?

Answer

Let the given statement be P(n), i.e.,

P(n): (2n +7) < (n + 3)?

It can be observed that P(n) is true for n = 1 since 2.1 + 7 = 9 < (1 + 3)? = 16, which is
true.

Let P(k) be true for some positive integer k, i.e.,

(2k +7) < (k + 3)* .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



(2(k+1)+7) =(2k +7)+2

sA2(k+1)+7) =(2k+7)+2<(k+3) +2 (using (1)]
2(k+1)+7 <k’ +6k+9+2

2(k+1)+7 <k’ +6k+11

Now, k¥ +6k +11 <k’ +8k +16

2k 1)+ T <(k+4)

2(k+1)+7 <{(k+1)+3}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.



