Miscellaneous of chapter 13

Question 1:
Find the derivative of the following functions from first principle:

(i) = (i) (=)™ i) sin (x + 1)
cOs [X — E]
(iv) i

Answer :
() Let fx) = —x. Accordingly, | (X h)=—(x+h)

By first principle,
f[x + h}— f'[x}
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By first principle,
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(i) Let 00 = sin (x + 1. Accordingly, T (X ) =sin(x +h-+1)

By first principle,
+h)-f
f'(x)= |IIT‘|~:—{Y)

=l

= Li_l;rlljﬁ[sin[x+h+l]—sin(x+l}]
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x) ccs[x——] f[x+h}:c05[x+h—£]
(iv) Let 8 . Accordingly, :

By first principle,
£(x) = lim f(x+h)-f(x)

h=si}
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h;nh|: 8 g
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Question 2:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): (x + a)

Answer :

X+ =F
Let f(x) = x + a. Accordingly, f(x+h)=x+h+a
By first principle,

f(x+h)-f(x)

f)=lm=—
lim x+h+a—-x—ua
_.'l—rl.'l h

: [hJ
=lim| —
h— h

=lim(1)

hi—0
=1
Question 3:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

{px+q}[£+.s']

fixed non-zero constants and m and n are integers):



Answer :

betf{-‘f)={px+q}[£+s]

By Leibnitz product rule,

fﬂ{x]:(pxw](iﬂj +[£+SJ{PX+Q)'
:{pﬂq)(rx-'+s)’+(:ﬂ][p}

:{px+q](—rx'3]+[§4-s]p
P
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X

=
=

= ps _-:;"_i:
e
Question 4:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

fixed non-zero constants and m and n are integers): (ax + b) (cx + d)?

Answer :

Let flx)= {ax+b}(cx+d]:

By Leibnitz product rule,
S'(x)=(ax+b) ;i (e + d]: +(ex+ d)‘? jx (ax+b)

— (a¥+ b}%{c'zf + 2ol + a’:)+ [c‘x + a’]: %{m’+ b:_l

=(ax+b) i(c:x:]+ i{lcdx]+id:}+{cx+d}:[iax+ jx b}
= (ax+ b](2c3x+2cd)+[r:x+d’)a
=2c(ax+b)(cx+d)+a(ex+d)’

Question 5:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
ax+h

fixed non-zero constants and m and n are integers): ¢X +d

Answer :




By quotient rule,
d i
. {c‘x+d}£{ax+b}—{a.ic+b}£{cx+d]
[cx+a’}'
_(er+d)(a)-(av+b)(c)
- (cx+d)
_acx +ad —acx - be
© (ex+d)
_ad—be

(ex+d)
Question 6:

/(%)

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

fixed non-zero constants and m and n are integers):
1

1+—
—_
I_I
X
Answer :
1_'_l x+1
Letf[x}= XX =x+l where x =0
]_1 x=1  y-1
x x

By quotient rule,

_ [x—I)%{xﬂ}—{xﬂ]%{x—l)

g

X - x=0,1
(x-=1)
_E)M-G )
(r-1)
:sz—l‘ x=0. 1
(x-1)
=_—21, x#0, 1
(x=1)
Question 7:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
1

. . I
fixed non-zero constants and m and n are integers): €% +hy+c

Answer :

Fx)=——

Let ax’ +bx +¢



By quotient rule,

(mc3 + bx+c): (1)- :; (ax: +bx+c]
» B

7'()=

[ax? + by + c:):
(ax: +bhx +c]{{}]—{2m:+ b)

{crx? +hx + ::'}:

3 —[2(:x+b]
(ax: + bx +c]_
Question 8:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
ax+h
fixed non-zero constants and m and n are integers): PX¥ T§xX+r
Answer :
ax + b
Letf(x)=———
pPx- +gr+r

By quotient rule,

2 a d .
f,(x]=(ﬂx +Qx+r]£{ux+b}—(ax+:‘3)a[px +qx+r)
(px* +qx+r)

(px* +qx+r)(a)—(ax+b)(2px+q)
(px: +gx+ r}:
_ apx” +agx +ar =2apx” — agx - 2bpx —bgq

( px: +an+ r]:
_ —apx’ —2bpx+ar —bgq
(;11-3 +gu+r ]:
Question 9:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

pxt Egx+r
fixed non-zero constants and m and n are integers): ax+b

Answer :

. X+ g
Lt ()=

By quotient rule,



e+ b]%{pxl +qu+r)—(pe +ar+ r]%[mﬂ b)
(ax+b)
(r,;u:+:f:'][E,e:rx+a;;r]—{,t,=,r2 +qx+r}{u]
(ax+bY

_ 2apx® + agy + 2bpx + bg — apx” — agx — ar
(ax+b }2

f(x)=

_apx” +2bpx+bg —ar
(ax+ b}:
Question 10:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

a b
— ——+cosx

fixed non-zero constants and m and n are integers): ¥ &

Answer :

Let/f(x) :i—i:ﬂ:nsx

4
X X

NI IEANIN
/ {lj_cﬁ-[,r*] m[f]+m{cns.x}

{ iy i
=u :fx (.‘r + )—h :f.v (.1.' ‘)+ ;\‘{Cm x)

- u(—-ﬂl.’r'; }—h[—lx"‘]+[—sin x) [%[,r”) - n.r”"and%[cas.r] = —sinx

—da  2h

=—+—- sin.x
X x

Question 11:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

fixed non-zero constants and m and n are integers): 4""5 -2
Answer :
Let f(x)=4x -2
oy d d d
f {_r]—a[dﬂ—ﬂ—a(dlﬁ)—a(?]

| ]
=4i[x1]—ﬂ=4(lx3_lJ
dx 2

Question 12:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed

non-zero constants and m and n are integers): (ax + b)"



Answer :

Letf (x)=(ax+b)". Accordingly. f (x+h)={a(x+h)+b} =(ax+ah+b)
By first principle,

vpon v S (x+h) =1 (x)
S(x)=1lim P

h—al}

{m‘ +ah+bh) —(ax+h)
= lim

h—sllb h
{c.-x +h}” [] +

= lim
st h

[]+ ah J"_l
_ (ux-i-h]” I'i|T| X +-h

=) Ip'.i

= (axv+h)' Mi_{1+n[u.:ib}rﬂ(ﬂl?g—1][;1]3+_..]—1]

( Using binomial theorem )

=)o’
{ ah ]+n{n }{r

ar+h E{ﬂ_‘[‘ +,f:l]J

. et
=(ax+h) lim s +”{” )a ‘?+"'
10| (ax+b)  |2(ax+bY

=(ax+h) [(a:ih} +{}]

[u_r+h)”
(ax+b)

ah
ax +

: T —(ax+h)’

=(ax+h)" lim L

Aks +...(Terms containing higher degrees of /1)

= na

= .Jm{.:u‘ +h}n '

Question 13:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)"

Answer :

Let f[l'} = {ax+g;.]" [('1'+d}”'

By Leibnitz product rule,



F(x)=(ax+b) %{cx +d)" +(cx+d)" %{aﬁﬁ)" (1)

Now, let f, (x) = (ex+d)"

fix+h)=(cx+ch+d)"

fi(x+h)=fi(x)
h

1 (x)=lim"

so—ald

{c.r +ch+ d}m - (m‘ + u’]”'

=Rl

.F:I
—'I ,Ihl
=(cx+d)" llml [l+ L m T, ({ }j+...]—1]

it fy c1+d 2 {Lx+u’]'

=lim

F—wlb

1+

w1
=(ex+d) hmuE

. .I. ._"‘r 2
_ (c‘.r+c.":| llml mch N m{m ]( w?
= !r_{-:'x +d)  2(ex+d)

:(ar+d)”'lim|: " +m(’”_l}""£’+_._]

+...( Terms containing higher degrees of /1)

fr—ail)

(ex+d)  2(ex+d)

= (c_r +d :Im [ me + l'}i|

ex+d
me(ex +d }":
- (c:r+d]

=me(cx+d ]m_l

%{m‘ +a’]"r = mc (cx+djlm_ ':2}

Similarly, di{axm}“ =na(ax+b)" ~(3)
N
Therefore, from (1), (2), and (3), we obtain
f(x)=(ax+b) {mc[cx +-:1’],i'"_I } +(ex+d)" {na(ax+b}"_1}

=(ax+b)" (cx+d)" [ me(ax+b)+na(cx+d)]

Question 14:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): sin (x + a)

Answer :

Letf[x) =sin(x+a)

Sf(x+h)=sin(x+h+a)
By first principle,



g SR £ ()
f(x)=lim=————
il +h+a)—sin{x+
=!imbm{x a} sin(x+a)
. "’1+P:+a+x+a (x+h+a-x-a
=I|m EL{!bL sin
=3 2
2x+2a+h N
_Ilm— 2cos —J
.'I—:-‘::l 2
5in E
) [Ex+2cr+hJ 2
= lim| co
fi=s 2 I
)
sin[EJ
=Iimms[21+za+h]lim z Aﬂh—b-ﬂ:bh—bﬂ:|
fi=el) 2 20 ﬂ i 2
=1 (3)
2x+2a [ sinx
= CO0S | lim =]
2 _.'.'—-"l X
=cos(x+a)
Question 15:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): cosec x cot X

Answer :

Letf{x} = cosec x cot x

By Leibnitz product rule,

f'(x)=cosec Jn:{-:.w::rtx]r +cot x (cosec x}' (1)
Let f; (x) = cot x. Accordingly. f, (x+ &)= cot(x+h)

By first principle,



£ (x)=1lim

Sr—#

Silx+1) - fi(x)
h

_ iy GO (x+h)—cot x

f=nik

. cos(x+h) cosx
=0 h| sin(x+h)  sinx

i _sin_rcns(x+ Ih)—cosxsin(x+h)
=lim—
bt y sinxsin(x+#h)

. [ sin(x—x—h) ]

"0 h| sinxsin (x+h)

= L Iiml{—mn(_h} }

sinx 4= k| sin(x+h)

-1 . osinhy| . 1
=———| lim lim —
sinx \ 00 h0 gin ( x + h]

-1 1
LY

sinx | sin(x+0)
-
Csin’x

= —cosec x

~(cotx) =—cosec’x ~(2)
So(x+h)=cosec(x+h)

Now, let fo(X) = cosec x. Accordingly,
By first principle,

y . x+h)-f(x
_)'2 {x]=|lm.f2{ }3 .f_[ }

fi—D

.1
= Ll_ril:{g[coscc[.r+ h) - cosec x]



] 1 1
=lim—| — -
0 fi| sin(x+h)  sinx

1 ’sin x—sin(x+ h}:|

=lim—| — -
W0 | sinxsin(x+ h)
x+x+h) . (x—x—h
Zcos sm‘
1, 1 2 L 2
=—— lim— -
sinx 0 f sin(x+ h)
2x+hY . =h
2cos sin
1 1 2 2
=—— lim— _
sinx el fi sm{x+ h}

Ry 2x+h
~sin ZJ cos| =

1
sinx 0 [E] ~ sin{x+Ah)

2
[ Ix+ frJ
08
. 2
Jim

. h
1 sin E
sinx -0 [J'_i'] 0 sin(x+h)

= dim
5

. 2x 40
1 | os| —

Csiny sin(x+0)

-1 cosx

SINY SinX
=—Ccosecy.coty

~.(cosec x) =—cosecx.cot x (3)

From (1), (2), and (3), we obtain

f'(x)=cosec x( —cosec:x] +cot x( —cosec xcot x)
= —cosec’x —cot’ x cosec x

Question 16:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
cosx

fixed non-zero constants and m and n are integers); 1+sinx

Answer :

f(x}— COs X

Let l+sinx

By quotient rule,



) o d .
(1+sin :«)E(cmx)—{cos I}E{l +sinx)

f(x)=

_(1+sin x)(—sinx)—(cos x)(cos x)

(1+sinx)’

(1 +sinx}:

—sinx—sin’ x—cos” x

(1 +sinx}:

—sin x—{sin: X +Cos” x}

(1+sinx)’
_ —sinx—1
- (1+sinx)”
_ —(1+sinx)
- (1+sin x]:
-1
B (1+sinx)
Question 17:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
5IN X 4+ COS X

fixed non-zero constants and m and n are integers): SIn.¥—CoOs.Xx

Answer :

5N X +cosx
(x)=———

Let sin x —cos x

By quotient rule,

(sinx—cosx) i (sin x + cosx)—(sinx+cos x) j (sinx —cos x)

f'(x)= :

(sinx - cos _r):

(sinx —cosx)(cosx —sinx)—(sinx + cosx)(cosx +sin x)

(sinx—cosx)’

~(sinx—cosx)’ —(sinx+ cos x)

(sinx - cos .r}:

—[5in1 X+ C08” X — 28N X COS X+ 8in° X+ Cos” x + 28in X cos x:l

(sinx—cosx)’
~[1+1]

(sinx—cos x)°
-2

(sinx —cos x):



Question 18:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
secx—1

fixed non-zero constants and m and n are integers): 5€¢X +1

Answer :
secx —1
flx) =22
Let secx+1
—1 1
l—cosx
_Cosx
flx)= 1 " 14cosx
+1
Ccosx

By quotient rule,

(]+ms‘,x]i[l—max}—{l—mﬁx} d (1+cosx)

f’ ¥)= d,x
(x) (1+cosx)’
B (1+cosx)(sinx)—(1-cosx)(-sinx)
- {I+cus.<x):
_ SINX + €08 X Sin X + Sinx —Sin X cos x
{l+cosx]:
~ 2sinx
{]ﬂ:m';x}3
2sinx  2sinx
- 3 2
[l+ ] J {secx‘+l}
sec.y sec” x
~ 2sinxsec x
(secx+1)
2sinx
secy
_ cosY
(secx+1)
_ 2secxtanx
{sccx+]}:
Question 19:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): sin" x

Answer :

Lety = sin" x.
Accordingly, forn =1,y = sin x.



dy .

L =CO0SX, 1.8, —SinXx=Ccosx
dx dx
Forn=2,y=sin’x.
dav d . .
;== =—(sinxsinx)
dy dx

=(sinx) sinx +sinx(sinx) [By Leibnitz product I'Ll]t!]
= COS.XSIN X +8in X Cos X

= 25in Y COS X (1)

Forn=3,y=sin®x.

Ly _d o

..E:—{H'ﬂliﬂ'ﬂ .l)
= (sinx) sin’ x +sin x(sin’ x]r [ By Leibnitz product rule]
= cos xsin’ x+sin x(2sin x cos x) | Using (1) |

= cosxsin’ x+2sin’ xcosx
=3sin’ xcosx

( rn )_ T 5 | T
—| 5N X )=H5IN XCO5 X
We assert that @t
Let our assertion be true for n = k.

i(:-:in‘lr x}:ksinit_”xcnsx -(2)
ie., @¥
Consider
{sin*" x] _d (sin_rsin‘ x)
ax dx
= (sinx) sin* x+sin x(sin x)r | By Leibnitz product rule|
= cos xsin’ .r+sir1x(£; sin'* ™ xcos.r) [Using [2]]

=cosxsin' x+ksin' xcosx

=(k+1)sin" xcosx
Thus, our assertion is true forn = k + 1.
—(sin” x] =nsin"" " xcos x
Hence, by mathematical induction, dx
Question 20:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
a+bsinx

fixed non-zero constants and m and n are integers): ¢ +dcosx

Answer :

L.Etf{x} _ a+bhsinx

c+dcosx



By quotient rule,

(c+dcos x]%[aﬂ‘rslﬂ x)—(a+bsin x]%[c+ d cos x)

f'(x)=

(c+dcosx)
_(e+dcosx)(beosx)—(a+bsinx)(—dsinx)

(e+ a‘-:t:rs,!:]3

cheosx+bd cos® x+adsin x+ bdsin® x

3

(¢+dcosx)

he cos x + ad sin x+b.r.-‘(::0.f-'.3 x+sin’ x}

(c+dcos x}:

_ beeosx+adsin x+bd
B (c+dcosx)’
Question 21:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
sin(x+a)
fixed non-zero constants and m and n are integers):  €08X

Answer :

f(x)=S004a)

Let COS X

By quotient rule,

cos .r%[sin{x+a]]—sin(.x+ a)% cos X

f(x)=

cos” x

cos x%[sin{x+a]]—sin (x+a)(—sinx)

7= 3 -0
cos” x
Let g (x)=sin(x+a). Accordingly. g (x+h) =sin(x+h+a)

By first principle,



\ x+h)-glx
g(x):ng( ; =
—]11n1 sin(x+h+a)- sm(r+a
Il—s-l'lh
. 1[ [A+h+a+1+a] x+h+a xX- aﬂ
=I;.]_TE 2cos

.1 (21+Ea+hj [hJ
=lim—| 2cos) ————— |sin| —
I rllh 2 2
sin h
. [2x+2a+h] 2
= lim| cos
Tr=sl) 2 [h\

2)
. [h“
sin| — .
:Iimms(zx+2a+hw.lim = 2J Aﬁh—}ﬂ:::-h—}ﬂ:|
I+ 2 iy EJ I 2
: L_Z
=[ 2'{+2a]x| %imsmh:l}
=cos(x+a) . (i)

From (i) and (ii), we obtain
s cosx-cos{x+a)+sinxsin|{x+a

_cos(x+a- x)

2
COs™ X

7
cos™ X
cosda

cos’x
Question 22:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): x* (5 sin x — 3 cos X)

Answer :

Letf{x} =x"(5sinx—3cosx)
By product rule,

f(x)=x" %[hin _r—3::ﬂsx}+{53inx—ﬁcmsx]%(x‘}
d ;. d ) d
=y [Sg{sm x}—SE(CD‘SI}} +{5 sinx —31:03;}5[14}

=y [50051-—3[—sinx}:|+(55in x—3c05x)(413)

= x' [5xcosx+3xsinx+20sin x—12cos x|
Question 23:



Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): (x* + 1) cos x

Answer :

Letf[x}=(x: +I)cosx

By product rule,

f’{x]=[x: +I)i{cosx]+cosxi(x: +I}
dx

dx

= (x: + l](—sinx}+ cosx(2x)

=—x'sinx—sinx+2xcosx
Question 24:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): (ax* + sin x) (p + g cos X)

Answer :

Letf{x} =(ax’ +sinx)(p+gcosx)
By product rule,
fx)= [mcl +sin x)%{;:w geosx)+(p+g msx]%(m" +sin .1')
e
= (arz +sin .r](—q sinxy)+( p+geosx)(2ax+cosx)

= —gsin x(m‘z +sin x}+{p +qecosx)(2ax +cosx)

Question 25:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

) . y+cosy )| x—tanx
fixed non-zero constants and m and n are integers): { ]{ }

Answer :

Letf[x} =(x+cosx)(x—tanx)
By product rule,

S(x)=(x+cosx) ;;_ (x—tanx)+(x—tanx) i (x+cosx)
=(x+ uusr}[%{x}— %(tun x}} +(x—tanx)(1-sinx)

=(x+ cosx}[l —%tan x}+ (x—tanx)(l1-sinx) 1)

Letg{x} =tanx Accordingly, g(x+h)=tan(x+h)

By first principle,



¢ (x)=lim glx+h)-g(x)
Ta—wl] h
_ Iin‘{ tan (x +ﬁr}—tanx}
h—ld _,t'-'l

i h| cos(x+h) cosx

: sinfx+h)cosx—sinxcos(x+h
:]unl{ in(x+ h)cosx—sinxcos(x ]}

_ lim 1 [sin{x+h} B sinx}

b0 fy cos (x+ i) cosx

L i ! {sin{x+h—x}]

“cosx v h| o cos(x+h)

1 o1 sin fr
—,I]]TI— —_—
cosx =0 fr| cos{x+h)

1 (. sinh)[.. I
| lim .| lim
cosx ety b0 cos (x + h)
_L,
cosx  cos({x+0)

1
Cos” ¥

=sec’ x (i)
Therefore, from (i) and (ii), we obtain
£'(x)=(x+cosx)(1-sec’ x)+(x~tan x)(1-sin x)
= (x+cosx)(~tan’ x )+ (x—tan x)(1-sin x)
=—tan’ x(x+cusx}+{x— tan _r){l —s5in x]
Question 26:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
4x+5sinx

fixed non-zero constants and m and n are integers): 3% +7¢cosx
Answer :

f[x} _ 4x+5sinx
Let Jx+Tcosx

By quotient rule,



(3x+7cosx) : (4x+35sinx)—(4x+35sinx) jx{i’nx +7cosx)
X

I'(x)=

(3x+7cosx)’

(3x+ Tmsx}[%l d (x)+5 d {sin_r)}—(4x+55inx}[3 A cns_r}
_ dx dx dx alx

=

(3x+7cosx)
(3x+Tcosx)(4+5cosx)—(4x+35sinx)(3—Tsinx)
(3x+7cosx)’

~12x+15xcosx+28cosx+35¢c0s” ¥ —12x+28xsinx —15sinx+35sin” x

{31 +Tcos _1']2

15xc08x + 2808 x + 28xsin x —15sin x +35[c05: x+sin’ x)

(3x+7cos x)
_ 35+ 15xcosx+28cosx+28xsinx —15sinx

(3x+7cos x]:
Question 27:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers):

X cos[ﬂ)
4

sinx
Answer :
. b
X CDS[E]
flx)=——"-~
Let sInx

By quotient rule,

ood s d .
smxdx{x )—_rz dx[sm x)

Sf(x)= cos%.

sin” x

. z
T sinx-2x—x"cosx
sin® x

Xcos : [2sinx - xcos x]

- sin’ x

Question 28:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
X

fixed non-zero constants and m and n are integers): 1+tanx

Answer :



X

f(x)

Let l+tanx

i (1 +tanx}%{x)—x%(l+tanx]

(x (1 +I:an.>c}1

(I+tﬂnx}-x-i{]+mnx} 0

fx)= ;
) (1+tanx)"
Let g(x)=1+tanx. Accordingly, g (x+/4)=1+tan(x+h).

By first principle,
glx+h)-g(x)

g'[_:'}: LI_I;II'II h
_ !im{Htan{_r+:)—]—ranx}

= lim—

1 _xin{_1'+h} ~sinx
= fp _ms‘.{x + h:l cosy

= lim—
[y cos(x+h)cosx

. 1_ sin(:r+h—x}
= lim—
[y _ms{x+h)msx

1 I sinfi
= lim—
el fy I Dgs{x +h;l COS X

. sinh . |
=| lim | lim
b=y =l eog [.1' + h:l COSX

=sec’ x

1| sin(x+h)cosx—sin xcos(x+h}]

== -
COs™ X

:}i{1+tanx}=sec31 . (i)
v

From (i) and (ii), we obtain
: I+ tan x — xsec’ x
f'(x)=

z

(1+tanx)

Question 29:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

fixed non-zero constants and m and n are integers): (x + sec X) (X — tan x)

Answer :

Let f(x)=(x+secx)(x—tanx)



By product rule,

S(x)=(x+sec :«']%[.r—tan x)+(x—tan A‘}%[x+scc.'r}

= [x+sccx}[di[x] —i_ tan x]+{x—tan .\'}[%[A‘}-I— %sec x

A oy v

= [x+sccx}[1—itanx}ﬂx—tan x][1+ 9 sec :x]
dx dx

Let f, (x) =tanx, f,(x)=secx

Accordingly, f;(x+h)=tan(x+h) and f,(x+h)=sec(x+h)

I (x]:.iln[ﬂ(x+ﬁi—ﬁ{x)J

Ti=ll

:|.'m[ta“(“‘*}—tanxJ

Ji—sid f
_ Iim[tan{,w h)- tan x}
hi— h

1] sin(x+h) ~ sinx
[y _cos[:r+h} COSX

i 1_3in{x+h}m51—sinxms{x+h}
= lim—
0 p| cos(x+h)cosx

1| sin(x+h-x) }

b=+ fr| cos(x+ h)cosx

! s
=lim—
1= h| cos(x+h)cosx

sinh )| |
= hm——1.| im
0 ]| e cos(x+ h)cos x

o o .
= —tanx =sec X )

}

i)



I3 m:m.{ -féinf}—.f;{r)]

J—lb .F‘J
. (sec{x+h)—secx
=lim {1 } !
Je—sll h

| 1 1
=lim— -
Il CDS{-T + h} COS X

1| cosx—cos(x+h)
=lim—
i i| cos(x+h)cosx
[ . (x+x+hY . (x-x—-h
—2sin S
[ 2 2
= Jdim—
COosy Tl h CDs {-'l. + 'h]
[ [2.\'+h) . [—1’4‘]
—2sin S| ——
(. 2 2
= Jdim—
COosx fe0 Ih CDS{.‘C + h}

1 .
= Jdim
cosx o cos { v+ .Fr]

o
N sm[—]l
J limsin[ # |}[ lim——=

[ S 2
) 2

Ik

=8eC X

limcos (x+/r)
Ti—ld
sinx.1
=sec o,
COSX
o
= —secy =secxtany . L)

dx
From (i), (ii), and (iii), we obtain
f'(x)=(x+secx)(1-sec’ x)+(x—tan x) (1 +secxtan x)
Question 30:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
X

)
fixed non-zero constants and m and n are integers): 510 &



f(x)==

Let sin” x

By quotient rule,

., d .,
S5l X¥—X—X—35In X

f(x)= dxt __dx

—sin" x=nsin"" ycosx

It can be easily shown that dx
Therefore,
| d .,
sin"x - x—x—sin"x

f(x)= dlx dx

s 2
5T x

sin” x.1- x(n sin"”"! xcos x}

n

sin”™" x
sin”" x(sinx —nxcosx)

- "l.II
sin”™ x
~ sinx—nycosx

Si.ﬂ”H ¥
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EXCERSIE 13.1 SOULTIONS

Question 1:

limx+3
Evaluate the Given limit; ***

Answer :

limx+3=3+3=06

X—33

Question 2:

lim[x ——]
Evaluate the Given limit:* 7

Answer :

: [ 22] [ 22]
lim| Xx—— |=| T——
BT T T

Question 3:

limm
Evaluate the Given limit; "

Answer :

. a4 I
limzy” =m (1) =
Question 4:
. odx+3
lim
Evaluate the Given limit: *** ¥—2

Answer :

_ 4x+3 4(4)+3 16+3 19
lim = = =—
w4 ox—2  4-2 2 2

Question 5:
B TR |
lim ———
Evaluate the Given limit:**'  x—1
Answer :

el (<)1) 1 1-1e1

lim -

e | -1-1 -2 2
Question 6:
x+1) =1
Evaluate the Given limit; *~" x
Answer :
x+1) =1

k=] X



Putx+1=ysothaty —» 1asx — 0.

_ _ x+15—l T |
Accordingly. |llll[ ) = lim
L] X pr=te| :IL_I.
R
=lim-
i
I oy =a
=51 lim
wa ¥ —gg
=3
v+35) —1
Iim¢=5
=l X
Question 7:
. 3xt—x—10
lim————
Evaluate the Given limit: *** X" —4
Answer :
)]
0

At x = 2, the value of the given rational function takes the form “ .
3x" —x-10 I.m(x—il][31+ 5)

s
e -4 =2 (x=2)(x+2)
. 3x+5
= lim
Tt x+2
_3(2}+5
242

11
4

Question 8:
lim 8!

Evaluate the Given limit: *** 2x" —3x—3
Answer :

0

At x = 2, the value of the given rational function takes the form 0,



) 81 ) {x—3](x+3}{x:+9]
s lim = lim

w32y =5y =3 [x—3}{2x+1}
[I+3](I: +9]
33 2x+1
(3+3)(3° +9)

2{3]+l

_ 6xI8

=]

Question 9:
lim ax+h
Evaluate the Given limit; " €x +1

Answer :

h.m-:1x+b _H{U]+b
w4 | C{U}+I
Question 10:

=h

z3

1

lim
z—l

|
|
Evaluate the Given limit; z0 -1

Answer :

z3

1

|
lin? ,_
zt—]
0

At z = 1, the value of the given function takes the form 0
1

Putz® =X sothatz —1as x — 1.



: A N
Accordingly, lim———=lm
=l N =l oy —|
= lim ~——
x—+l X-
=21 {lim
=2
!
lim=—— =2
==l _
-t =1
Question 11:
ax” +bx+e

lim:—,a+b+c =0
Evaluate the Given limit: = €x” +bx +a

Answer :
ar’ +bhr+c a[1}2+b[l}+c
=+ ex® + by +a ¢-(|}1+h[l]+a

a+b+e

a+b+c
=1 [a+b+c#0]
Question 12:

I 1

— + _—

Iimju

Evaluate the Given limit: > X+2

Answer :

1 1
_+_
F=h—2 x+2

0
At x = =2, the value of the given function takes the form 0

11 {2+x]

* 2x

Now, lim X 2 it )
x—=2 x+2 -1 _"L'+2-

Question 13:



. RInax
lim

Evaluate the Given limit: *** b

Answer :
. sInax
lim
=] bx
0
At x = 0, the value of the given function takes the form 0
.osingx . sinax ax
Now, lim =lim ®—
=} hx o=l o bx
. [sinar] [a]
=lim w| —
y—add ulr b
a .. in
=—lim S ax [_r—>ﬂ::-a'{—}ﬂ]
f}.n'—;ll ax
a . siny
_—_— lim = =
b =ik 1V
_u
b
Question 14:
. sinax
l_lm - L, h=0
Evaluate the Given limit; **° Sin bx
Answer :
. sinax
lim — La, h=0
i gin by
0

At x = 0, the value of the given function takes the form 0

[sinax}
= ax
ax

. singx
Now, lim— =lhm-—--
0 ginhy 0 [ sin hx J
= b
bx
lim sin e
fa) =0l ax x—=0=ar—10
= —|— =
Lh and x — 0= hxr — 0

) ( sinbx j
lim
[ L1} bx
z[ajxl i S0
b1 pol

Question 15:

|



sin(m—x)

lim
Evaluate the Given limit: m(m-x)
Answer :
. osin(m—x
lll‘l'l[—}
K—FTr ?I(TI—X}
Itis seenthatx — m= (mT—-Xx) — 0
. osin(mr-x) 1 . sin|m-x
Ve |II‘I1M:— ]_"‘n Q
X% Tl:[‘.IT—X} T m—x]D {R_x)
' . sin
=—xl lim ny =1
n y =i} }.-
-1
T
Question 16:
. COSX
lim

Evaluate the given limit: **" ®—x

Answer :

.ocosx  cosD 1
lim = —
el — b _{] T

Question 17:
lim cos2x—1
Evaluate the Given limit; **® cosx—1

Answer :
. cos2x-1
lim—"—o—
vl cosx —1
0
At x = 0, the value of the given function takes the form 0
Now,



. ocos2x—1 . 1-2sin"x-1 .. X
lim =lim cosx=1-2sin" —
Tl e el oa X

cosx-1 I1-2sin" — -1

(sin:.r ,
. xx
sin”x . X
= = lim :
= . s X w—xll
e, sin?
2 y-T"
V| 4
2
~ (sin®x
lim .
=il T
=4
.oa X
sin-
. 2
lim =
Tl [I]-
5
L2
. 2
. sInX
lim
=0y x
=4 3 [,r—}[}::a——ﬂl}
LX
51N
lim =
T X
i 2
: _siny
=4— lim= =1
1° =i V
=4
Question 18:
. Ay -4+ xXcosxy
lln'l.—

Evaluate the Given limit: **"  bsinx

Answer :

. ar+ xXcosxy
lim —————
=0 hsginx

0

At x = 0, the value of the given function takes the form 0
Now,



. ax+xcosx 1., x(
lim—————=—lim -
=0 hsiny b=t sinxy

1. x .
=—lim| —— |« lim(a+cosx)
h =0l sinx

x—0

a+cosx)

| | ;
= —x—————xlim(a +cosx)

h . sInx x—0

[hm )
x—=0 x

=lx(a+ms{}) [limw= Ij|

h ¥y
_ a+l

h
Question 19:
lim xsecx

Evaluate the Given limit; =0

Answer :
. . X 0 0
limxsecx =lim = ===
r—l —ogosy  cosll 1
Question 20:
. sinax+ bx
lim——— g, ha+h=0

Evaluate the Given limit: *~° @x +sin hx

Answer :

0

At x = 0, the value of the given function takes the form 0
Now,



. SINax +ox
lim—MM—
il gy +5in by
510 ax
( ]ax+ hx
ax

ax + h.r( sin bx ]

=lim

=il

hx

ay—ll ax a—l r—ll

- T “mm[ posin bx] [Asx — 0= ax—0and bx — 0]

H—il =l Bt hy

[Iim smm]x lim (ax) + lim bx

. xe=pl) w =i}

lim (@ax )+ lim bx sin x
[lim - :I}

lim ax + lim bx Ty

x—¥ll =5l

lim ( ax + bx)

— x—l

- lim (ax + bx)

y—pld

=lim(1)

=il
=1
Question 21:

~_ lim(cosec x—cot x)
Evaluate the Given limit; «—¢

Answer :

At x = 0, the value of the given function takes the form = — %

Now,
lim(cosec x - cot x)

x—#il

. | COs X
= lim| ————
el siny sinx
. [ l=cosx
=lim| ———
=0 sinx
[I—cosx]
. X
=lim———=

A0 SInx
X

. l—cosx
lim———
_ Tl X
. sinx
lim

aoll oy

|:|il'l'iw =0 and lim ST 1:|

il X Tl X

= L=



uestion 22
. tan2x
lim

_}I
s E
T X=—

2

Answer :

. tan2x
hm

_}.T
N
T X=—

T T
X=—==Y X—=>—, y—>10
Now, put . so that

of i %)
tan2| y+—
colim fan 2x = lim L 2J

" T vl v

K—_
Tt

2 .
- tan{rrl+ v)

y =ik },

tan2y

=lim
=i} v

-

. sin2v
= lim————
¥y eos 2y

.| sin2y 2
= lim X
v=ol o 2y cos2y

. 5in2y ) 2
lim = = lim
\ 0 2y V=l eos 2y

cosl
2

=]x=

=2
Question 23:
{2x+3,

lim lim 3(x+1),

Find * f(x) and ' f(x), where f(x) =

Answer :

The given function is
2x+3, x=0
3{x+ 1), x=0

f(x) =

n
At 2 , the value of the given function takes the form 0

[tan (7+2y) = tan 2y |

[}' —0=2y —>U]

sinx_l
X

x=0
x=0



IiT flx)= _ITi_'.I|]:[2x+3]= 2(0)+3=3
lim £ (x) =lim3(x +1)=3(0+1) =3

Iira] flx)=1lim f{x)= lim fx)=3
fim £(x) = lim3(x+1) = 3(141) =6
;1_;:1 f{x}:i:i;3{x+]}=3{l+l]=6
i £ (5) =i () = lim ()6
Question 24:

-1, x=l1
Fin o1 f(x), where f(x) :{_""'3 -1 x>l

Answer :

The given function is

f[x}:{x:_]' x=1

—x =L x>1

lim £ (x)=lim[+* ~1]=F~1=1-1=0

w1

lim f[I}:Liﬂ,'[_f —I] =—1"-l=-1-1=-2

=l

It is observed that lim f(x)# lim f(x).
x—+l

sl

Hence, IirrI] f(x) does not exist.
q—

Question 25:
H, x=0
X

lim B
Evaluate x>l f(X)’ where f(X) — ﬂ, r= n

Answer :

The given function is
X
U, x=0
X

) = 0, x=10



¥—i X =¥
. [ —x . .
= ITI-IE(TJ [When X Is negaitve, |x| = —x:|
-1im(-1)
— -1
lim f(x)=lim [i':|
v =il x=elit X
M . .
=lim {: [When x is positive, |x| :x:l
-im()
=1

It is observed that lim f(x)# lim f(x).
a—li =il
Hence, Iiﬂf{x} does not exist.

Question 26:

lim —
Find =9 f(x), where fo = (0> X0

Answer :

The given function is



= lim [_ir} [When x <0, x| = —x]
-tim(-1)
=1
lim f(x)= Iuln’| |]
= lim| = 'hen x> 0, [x] =
al_r.'c]r|:x} [“ en x = |x| r:l

=lim(1)

=1
It is observed that lim f(x)# lim f(x).

x—¢l) sl

Hence, |i1‘rgf{x)dﬂ€$ not exist.
Question 27:

lim _
Find =5 f(x), where f(x) _¥-5

Answer :

The given function is f(x) _|x| -3 :

|I]TI i ‘::I— ||r:1 |:|1| S:I
=lim (x - 5) [ When x>0, |x|=x]
=5-5
=0

i /()= -9
=lim (x -5) [\h’henx:»[}. |x|=x:|
=5-5
=0

J I_ilp fx)= |_il‘£'|_ f(x)=0
Hence, |i|1;| f(x)=0
Question 28:



a+bx, r<l
4, x=1

b—ax x=>1 im :
Suppose f(x) = and if =*! f(x) = f(1) what are possible values of a and b?

Answer :

The given function is
a+bx, x<I

flx)=14  x=I
b—ax x>1

lim f'(x) = Iirrll{a+bx)= a+h
lim f(x)= Iin}(h—ax]=b—a

f(1)=4
It is given that I_in?f[x) =f(1).
sim f(x)=lim f(x)= Iin?f(x] = f(1)
e =3l Xx—
—a+b=4andb-a=4
On solving these two equations, we obtain ¢ =0 and b = 4.

Thus, the respective possible values of a and b are 0 and 4.
Question 29:

Let@s @22 = G pa fixed real numbers and define a function

f(x)=(x-a)(x-a,)..(x-a,)

lim lim
aFE ., Taeney
What is "™ f(x)? For some e "™ compute ** f(x).

Answer :
The given function isf{x} ( —a)(x=a,)-.(x —a”}‘
lmlj (x)= I&n[ (x—a )(x- (x—a,)]

et }[rw. ) Limte)

=(a-a)(a-a).(a-a,)=

sim f (o ]—

v =il

Now, lim f(x :l—]I_r’l’ll:x a x—a,)..(x- a"}]

- [Iim(x— a, }] []_im[x— a, ]:|...[lim{x —a, ll:|

N—kr X—*d I

=(a-a)a-a,)...(a—a,)
im 7 ()= (a=a) (o). (a~a.)

Oiiection 20



|¥[+1, x<0
0, x=10

=1, x=0

If f(x) = [x
lim
For what value (s) of a does “*« f(x) exists?

Answer :

The given function is
|x‘+ l, x<0

f(x)=10, x=10

=1, x>0

When a =10,

lim f (x) = lim (|x]+1)
=lim(-x+1) [Ifx <0, [x|=-x]
=—0+1
=1

lim £ (x) = lim (|+[ 1)
=lim(x~1) [1fx >0, [ =x]
=0-1

Here, it is observed that lim f"(x)# lim f(x).

a—wll x—il

- lim f(x)does not exist.

Whena<0,

lim f(x)= lim {|x|+|]
=1im[—x+|] [x{r:{ﬂ:> |x|=—x:|
=-a+l

lim f(x)= lim {|.r|+|}
=1im[—x+|] [a{x«:ﬂ::» |x|=—x:|
=-—a+l

slim f(x) = lim £ (x)=-a+1
Thus, limit of /° {x]cxists atx =a. wherea <0.

Whena>0



lim /(x)=lim (|.r|—]]

=lim(x-1) [IJ{ x<u:‘=|.r|=x:|
=a-1

lim £ (x) = lim ([x|-1)
:lim[x—l} [D-:: a<:x=:-|x|=x]
=a-1

s lim f(x)=1lim f(x)=a~-1

Thus, limit of /' (x)exists at x = a, where a > 0.

lim f(x)

lim f(x)
Thus, exists for all a # 0.
Question 31:

. fix)y=2
lim =2 _ lim f (x)
If the function f(x) satisfies **' X" —1 , evaluate *~! .
Answer :
Fixl)—
lim {}:] 2 =1
L I T |
lim(f(x)-2)

s 1 .

lxlﬂ’ll(:\ ]}
= 1\1_r:‘|| [f{x}—E} = “I_\l_rf;'{x' —1)
= lim (f(x)-2)= n(l‘ —l)
= lim (f(x)-2)=0
= 1irr:f{x)—|in‘||2=!}
= ltir:‘: f{x)—? =0
Lirﬂl"[x}z 2
Question 32:

mx” +n, vl
Sx)=1nx+m, 0sx<l
3

If HX" o+ m, x>l . For what integers m and n does *—*"
exist?
Answer :

The given function is



&
mxs +n, x=0

Sx)=1nx+m, D<x<l
nx’ +m, x=1

fm £ () = lig o + )
=m(0) +n
=5

i 7 (3) =t (o + )
=n(0)+m
= .

lim f( x
Thus, f[ } exists if m=n.

ll_]}‘ll‘l fx)= !Ti_r{:{nr+ m)
=n(l)+m
=m+n

lim f(x)= ”TI'I{HI3 + m)

L e |
:n{l]s +m
=m+n

sim f(x)= lim flx)= ]ril':'llf{.‘{'].

Tenl”

lim f(x)
Thus, = exists for any integral value of m and n.



EXCERISE 13.2 SOULTIONS

Question 1:
Find the derivative of x* — 2 at x = 10.

Answer :

Let f(x) = x* — 2. Accordingly,

e {10+ 0)= £(10)
7(10)=lin=——
[(10+h) =2]-(10°-2)
=lim
Se—sl) r'!ll'
10 +210A+0 =2-107 42
= lim
h=+0 h
_ 20h+ K
= lim ——
Teeaid h
=Lim{zn+a}=(2n+n)=zn

Thus, the derivative of x> — 2 at x = 10 is 20.
Question 2:

Find the derivative of 99x at x = 100.

Answer :

Let f(x) = 99x. Accordingly,
f{lﬂ{]+h}—f{lﬂﬂ]

/'(100) =Tim p
QOUIO0+ A )—-99(100
o 99(100-+1)-99(100)
Si— h
e 99% 1004998 —-99:x 100
_fr+mU I-_i
. 99k
= lim—
S0 h
=1im(99) =99

Sp=l

Thus, the derivative of 99x at x = 100 is 99.
Question 3:

Find the derivative of x at x = 1.

Answer :

Let f(x) = x. Accordingly,



Thus, the derivative of x atx = 1 is 1.
Question 4:

Find the derivative of the following functions from first principle.
(i) x® — 27 (i) (x = 1) (x = 2)

1 x+1
(i) X (iv) X1
Answer :

(i) Let f(x) = x* — 27. Accordingly, from the first principle,
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(i) Let f(x) = (x — 1) (x — 2). Accordingly, from the first principle,
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(iv) Let =1 Accordingly, from the first principle,
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Question 5:
For the function
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Answer :

The given function is
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On using theorem di(.r”) =nx'
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Question 6:

Find the derivative of X" +@x

=1x100 =100

1{HY Berms

a-1 X _n-1 n—l n i
+arx “4eta X+4a for some fixed real number a.

Answer :
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On using theorem — 3" = nx"" . we obtain

dx
f(x)=n""+a(n-1)x""+a (n-2)x"
=nx"" +a(n-1)x""+a" (n-2)x""+. . +a""

Question 7:

T 4ta +a" (0)

For some constants a and b, find the derivative of
X =

() (x — a) (x — b) (ii) (@ + b)? (iii) *—&

Answer :

() Letf (x) = (x—a) (x—Db)
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Question 8:
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Find the derivative of ¥ —& for some constant a.
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o

: ‘: (x*)+ 2ab-(x

elx



L "

X o—a

Let f(x) —

222

X—a

By quotient rule,
(r— a}i (x" - a")—(x” - ﬂ”} :; l::x —ﬂ}
(x—a)
[x—a](nx"'] —l]')’—(.r” —a”)
(x-a)

qu _ﬂ'”x”_l _xn.l +a.lr

(x-ay

f'(x)=

Question 9:

Find the derivative of
3

2x-=
0 4 (i) 5%+ 3x - 1) (x = 1)
(i) X2 (5 + 3%) (iv) X° (3 — 6x°)
2 x°

(V) X (3-4x70) (vi) x+1 3x-1

Answer :

(ii) Let f (x) = (5x° + 3x — 1) (x — 1)
By Leibnitz product rule,
' 3 d . d
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(iii) Let f (x) = x 3 (5 + 3%)
By Leibnitz product rule,
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(iv) Let f (x) = x> (3 — 6x7)
By Leibnitz product rule,
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(v) Let f (x) = x* (3 = 4x7°)
By Leibnitz product rule,
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(vi) Letf(x) = x+1 3x-1

ey d( 2 df ¥
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By quotient rule,
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Question 10:
Find the derivative of cos x from first principle.

Answer :

Let f (x) = cos x. Accordingly, from the first principle,
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Question 11:

Find the derivative of the following functions:
(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos X
(iv) cosec x (v) 3cot x + 5cosec x

(vi) 5sin x — 6¢cos x + 7 (vii) 2tan x — 7sec x



Answer :

(i) Let f (x) = sin x cos x. Accordingly, from the first principle,
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= Iimi[sin 2(x+h)—sin Z,r]

h—iv

o1 2x+2h+2x | 2x+2h-2x
=lim 2cos +sin
h—;l:th 2
) |[ dx +2h . 2}:}
=lim—| cos sin—

.II—H:Ih 2 2

L .
= !II_I;II'!E[C(!S{EI +h)sin h]

. . sinh
= limcos(2x+h).lim

h—pl h—sdk
=cos(2x+0).1
=¢os2x

(ii) Let f (x) = sec x. Accordingly, from the first principle,
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(iii) Let f (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
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(iv) Let f (x) = cosec x. Accordingly, from the first principle,
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(v) Let f (xX) = 3cot x + 5cosec x. Accordingly, from the first principle,
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From (1), (2), and (3), we obtain
f'(x)=—-3cosec’x — Scosec x cot x

(vi) Let f (x) = 5sin x — 6¢cos x + 7. Accordingly, from the first principle,
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(vii) Let f (x) = 2 tan x — 7 sec x. Accordingly, from the first principle,
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